IMPROVED BOUNDS FOR THE PRIMITIVE-SET SATURATION GAME
(ERDOS PROBLEM 872)

OM BUDDHDEV

ABSTRACT. Erdds posed the divisibility antichain saturation game on {2,3,...,n} in 1992 [Erd92],
catalogued as Problem #872 in Bloom’s list [Blo26]. Two players alternately choose integers,
maintaining the property that the chosen set is primitive (an antichain under divisibility); Prolonger
moves first to maximize the final count, Shortener moves to minimize it. The central question is
whether the game value L(n) is linear in n or sublinear. We prove

1 nloglogn Wi
——0o(l))] ———=— < L < [ — 1 Nl
(8 o( )) log n < L(n) < ( 2 + o( ))n < 0.19n,

where W; is an explicit fourth-order Bonferroni constant arising from the lower logarithmic profile
of Shortener’s legal-prime prefix. The lower bound follows from a two-phase Prolonger strategy and
a bipartite maximum-degree capture lemma; the upper bound uses a monotone envelope for the
legal-prime lower profile, a queued prime-rounding bridge, and a fourth-order Bonferroni inequality
on the odd-part compression of the terminal antichain. We also prove a polynomial lower bound
for the weighted shield functional, an exact 5n/24 + O(1) first-hit cover theorem for the lower half,
and intermediate asymptotic upper-bound constants 13/36 and 5/16. Conditional on a restricted
finite safe-edge hypothesis—whose general form we refute in the paper—we also obtain a stronger
lower bound of order n(loglogn)?/logn. The paper also records three proof-class obstructions for
related proof methods. Shield reduction, the exact 5n/24 cover identities, the 13/36 upper-bound
core, and the Wy /2 < 0.19 endgame reduction have zero-sorry Lean 4 artifacts; the formalization
status of remaining results is documented in Appendix C.

1. INTRODUCTION

Let n > 2. The divisibility antichain saturation game is played on
{2,3,...,n}.

Two players alternately choose previously unchosen integers, and the chosen set must remain an
antichain under divisibility. Thus no chosen integer may divide another chosen integer. The game
stops when the current antichain is maximal. Prolonger moves first and tries to maximize the final
number of chosen integers; Shortener tries to minimize it. We denote the value of the game by
L(n).

This game is one of the finite saturation games arising from Erdés’s questions on primitive
sets [Erd92]; saturation games of this kind are part of a broader extremal-game tradition [FS92,
BHW16]. A primitive set is precisely an antichain in the divisibility poset, and primitive sets have
a long parallel history in multiplicative number theory [CE90, Lic23, MP10, Kuc24]. We write

Ly:={meZ: 2<m<|n/2|}, Up:={meZ: n/2<m<n}.

The upper half U, is the canonical maximum antichain, so the trivial scale is linear. The central
question is whether optimal play forces a positive fraction of this linear scale, or whether Shortener
can force o(n) moves.
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1.1. Prior work. Erdés posed the problem in 1992 [Erd92], and it is catalogued as problem #872
in Bloom’s list [Blo26]. No non-trivial upper bound appeared in the public record until early
2026. The game is a number-theoretic analogue of the triangle-free saturation game of Hajnal: for
that game, Fiiredi and Seress [FS92] proved a lower bound of order nlogn, while Bir6, Horn, and
Wildstrom [BHW16] proved an upper bound below 0.215n2.

The ambient combinatorial setting interacts with the literature on primitive sets and divisibility
antichains. We use the primitive-set viewpoint of Cameron and Erdés [CE90], the weighted extremal
perspective from Lichtman’s proof of the Erdds primitive set conjecture [Lic23], and supporting
multiplicative-structure estimates from [Kuc24, MP10].

The public upper-bound record for the present game developed rapidly in early 2026. To the
author’s knowledge, the first linear upper bound,

L(n) < (2 +0o(1)) n,

was given by Price and GPT-5.2 Pro, who also introduced the terminology Prolonger and Shortener
[Pri26]. Subsequent refinements recorded in the public forum thread by Adenwalla, StijnC, natso26,
Xijao__Hu, Desmond Weisenberg, and others improved this to

L(n) < (s8% + 0(1)) n < 0.416n

[Erd26]. The results in this paper substantially strengthen that record and establish the first
unconditional lower bound of order strictly larger than the trivial n/logn baseline (see Section 4).

1.2. Main results. Our main result is a new linear upper bound with an explicit constant below
0.19. Let

1
p(u) ::m (0<u<1l),
and define
1 r
Jp = p “162;:%’“131 Z1_[1/)(1%) duy - - - duy (r>1).
Set

Wy=1—J1+ Jo — J3+ Jy.
The certified numerical bound in Proposition B.1 is

% < 0.1897123371 < 0.19.

Theorem 1.1 (Main upper bound). Shortener has a strategy forcing

L(n) < <)/;}4 + 0(1)> n < 0.19n.

The proof of Theorem 1.1 is given in Section 7. Shortener plays a long prefix of the smallest
legal odd primes. A one-sided lower-profile estimate controls which primes can be kept legal on
the logarithmic scale p = n*. We build a monotone envelope for this profile, invert it to obtain a
comparison sequence, round the comparison sequence to genuine primes without losing the first four
factorial moments, and then apply a fourth-order Bonferroni inequality to the odd-part compression
of the final antichain.

Theorem 1.2 (Unconditional fan lower bound). Prolonger has a strategy forcing

1 nloglogn
Lin)>|=--0(1)) ———.
() 2 <8 ol )) logn
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The proof of Theorem 1.2 is given in Theorem 4.4. Prolonger first works through the small odd
primes a < n®, making them unavailable by legal upper-half multiples unless Shortener chooses
the singleton first. A harmonic charging argument shows that the small primes made unavailable
by proper multiples still have reciprocal mass at least half of the total small-prime mass. The
remaining upper-half targets ab form a fan graph, and a maximum-degree right-capture lemma
forces at least half of the surviving fan edges to become actual game moves.

The lower-bound side also contains a weighted obstruction theorem for the standard shield-
reduction approach. For x € L,,, let

My (z) :={ueU,: x|u}, wp(x) = |My(z)] — 1.
For P C U,, put
L,(P):={x € L, : x{ufor every u € P},
and let
Bn(P) := max {Z wp(z) : B C L,(P) is a divisibility antichain} .
zeB

Theorem 1.3 (Theorem A: Polynomial shield-weight lower bound). Fiz 0 < « < 1. Uniformly
for every P C U,, with |P| < n®,

1 1
5u(P) 2 (1082~ ott)) .
Equivalently, if
kX (n) == min{|P|: P C Uy, Bn(P) < cn},
then for every fized ¢ > 0,
kX(n) > ne o),

The next theorem explains why this weighted quantity is the right one for shield-prefix arguments.
Theorem 1.4 (Shield reduction framework). Let A be any terminal antichain and let P C ANU,,.
Then

|A] = [Un| = Bn(P).
Corollary 1.5 (Shield-prefix obstruction). Any proof which uses a prefic P C U, and the shield
reduction framework to force |A| > (1/2 — ¢)n + o(n) must have

|P| > nefzc—o(l).

The proof of the reduction is elementary and is given in Section 3; Theorem 1.3 is proved in
Section 4. These structural results show that a short upper-half shield prefix cannot certify a linear
lower bound through the weighted shadow method.

We also determine exactly the size of the first-hit cover of the lower half by upper-half multiples.
Define

7(n) :=min{|C|: C CU,, Vx € L, Ju € C with = | u}.

Theorem 1.6 (Exact first-hit cover).

5
= — 1).
7(n) T +0(1)
More precisely, the cover
H,={uelU,: u=2 (mod4)}U{ueclU,: u>2n/3, u=0 (mod4)}
has size 5n/24 + O(1), and there is a matching packing of lower-half witnesses of the same size up

to O(1).

Before the fourth-order argument, the same prime-prefix method gives two simpler upper bounds.
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Theorem 1.7 (Intermediate upper bounds). Shortener has explicit strategies forcing

L(n) < <;)*Z + 0(1)> n
and

L(n) < <156 + 0(1)> n.

Finally, we include a conditional lower-bound theorem, not as a headline result but as a use-
ful finite-combinatorial target. The natural general safe-edge hypothesis is false even inside the
arithmetic residual hypergraphs, so the theorem is conditional on a narrower hypothesis for states
generated by the activation and residual strategies constructed in Appendix A after the roadmap
in Section 4. Choosing 6 = 1/8 in Theorem 4.7 gives, conditional on the restricted safe-edge
hypothesis (Definition 4.5), an absolute constant ¢ > 0 such that

L(n)>c

for all sufficiently large n. The finite graph, hypergraph, and arithmetic embedding cores of this
theorem have Lean artifacts listed in Appendix C; the restricted safe-edge hypothesis and the
asymptotic activation wrapper remain in prose and are stated explicitly rather than suppressed.

Several parts of the paper are accompanied by Lean formalizations; the exact artifact paths,
theorem declaration names, repository snapshot commit, and Lean toolchain version are recorded
in Appendix C. In summary, the Shield Reduction theorem, the structural identities underlying
the exact 5/24 cover, and the 13/36 upper-bound core have zero-sorry Lean artifacts. Theorem
A and the 5/16 upper bound have Lean artifacts whose remaining sorries are standard analytic-
number-theory inputs or their assembly; the 5/16 artifact’s remaining sorry also covers the game-
tree wrapper realizing the prescribed prefix. The finite graph/hypergraph/embedding cores of
the conditional T2 theorem have Lean artifacts, while the restricted safe-edge hypothesis and
asymptotic wrapper remain prose. For the 0.19n theorem, the endgame reduction from moment
convergence to the strict inequality is formalized; the moment-convergence hypotheses are the prose
content of Section 7.

The paper is organized as follows. Section 2 fixes notation. Section 3 proves the shield reduction.
Section 4 proves Theorem A, the unconditional fan lower bound, and states the conditional T2
theorem. Section 5 proves the 5/24 cover theorem. Section 6 proves the 13/36 and 5/16 upper
bounds. Section 7 proves the main 0.19n bound. Section 8 records three obstructions to extending
the present methods. Deferred proofs, numerical details, and formalization metadata appear in the
appendices.

n(loglogn)?
logn

2. NOTATION AND SETUP

All divisibility statements in this paper are inside the finite board
Vi :={2,3,...,n}.

A set A C V, is primitive if no two distinct elements of A are comparable under divisibility.
Equivalently, A is an antichain in the divisibility poset. A primitive set is mazimal if no element
of V,, \ A can be added while preserving primitiveness.

The game value L(n) is the final size of the primitive set under optimal play when Prolonger
moves first and maximizes the final size, while Shortener minimizes it.

We use the lower—upper split

L,={meZ: 2<m<|[n/2]}, U, ={m€eZ: n/2<m<n}.

The upper half U, is an antichain, since two distinct elements of U, cannot divide each other.
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For x € L, the upper shadow and shadow weight are
My (z) :={ueU,: z|u}, wp(x) == | My (z)] — 1.

The subtraction by 1 is convenient because a lower-half move = adds one move but may remove
| M,,(x)| possible upper-half moves from a terminal position.
For P C U, define
L,(P):={x € L, : x{ufor every u € P},

and

Bn(P) := max {Z wp(z) : B C L,(P) is a divisibility antichain} .
T€B
The maximum is over a finite set, and is understood to be 0 when L, (P) is empty.

We use standard arithmetic notation. The functions 7m(x) and ¥(z) denote the prime-counting
function and Chebyshev’s function, respectively. For an integer m, P~ (m) and P (m) denote the
least and greatest prime factors when m > 1, (m) denotes the number of prime factors counted
with multiplicity, and w(m) denotes the number of distinct prime factors. The symbol P denotes
the set of primes. As usual, O(:), o(-), <, and >> are interpreted as n — oo unless a different
parameter is explicitly specified; subscripts indicate dependence of the implied constants.

3. THE SHIELD REDUCTION
The shield reduction turns terminal game positions into a weighted lower-half antichain problem.

Theorem 3.1 (Shield reduction). Let A C V,, be a mazimal primitive set and let P C AN U,.
Then
Al = |Un| = Bn(P).

Figure 1 illustrates the setup.

Ln=1{2,...,|n/2]} U, = (n)2,7]
Ln(P) o L P
—— |

F1GURE 1. The shield reduction framework. A prefix P C U,, of Shortener-captured
upper-half elements defines the residual £,(P) = {z € L,, : x { u for every u € P}.
The weighted antichain B C £, (P) maximizing » 5wy, () realizes the quantity
Br(P). Theorem 3.1 gives |A| > |Uy,| — Bn(P) for any terminal antichain A.

Proof. Put
B:=AnNL,.

Then B is a divisibility antichain. Since P C A and A is primitive, no z € B divides any element
of P. Hence

B C L,(P).
We next determine A N U,. We claim that
(3.1) ANU, =Un\ | Mu(2).
zeB

The inclusion “C” follows from primitiveness: if u € ANU, and = € B, then x { u.
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For the reverse inclusion, let v € Uy, \ U,cp Mn(x). Suppose u ¢ A. Since A is maximal, some
a € A is comparable with w. If u | a, then a € U,, and a < 2u, so a = u, contradicting u ¢ A. If
a|uand a € U, again a = u. Thus a € L,,, so a € B, and u € M,(a), contrary to the choice of u.
This proves (3.1).

Using (3.1) and the union bound,

[ Al = [B| + |AN Un|
> |B| + Ul = Y [Ma(2)|

rEB
= |Un| = D> (IMp(2)| = 1)
zeB
= |Un| - Z wy ().
zeB

Since B C L, (P) is an antichain, the final sum is at most 5, (P). Therefore
Al = |Un| = Bn(P).
g

Corollary 3.2 (Shield-prefix obstruction). Fiz ¢ > 0. If a shield-prefix argument using Theorem 3.1
forces

|A| > |Uy,| — en+ o(n)
through a set P C U,, then necessarily
|P‘ > ne*%fo(l)_
Proof. Such an argument requires /3,,(P) < cn 4 o(n). Applying Theorem 4.1 with |P| < n® gives
1 1
iloga S C—|—O(1),

and hence o > e=2¢ — o(1). O

4. LOWER BOUNDS AND CONDITIONAL SLOT CONSTRUCTION

This section proves the polynomial shield-weight obstruction and an unconditional fan-capture
lower bound for the game, and then states the conditional T2 lower bound. The conditional result
is deferred to Appendix A.

4.1. The polynomial shield-weight lower bound.

Theorem 4.1 (Theorem A: Polynomial shield-weight lower bound). Fiz 0 < o < 1. Uniformly
over all P C Uy, with |P| < n?,

1 1
5u(P) = (Glog - — 1)) 0
Proof. Fix § with o < < 1. Let
Qs5(P) := {p <n’: p prime and ptu for every u € P}.

Here and below, we use the Prime Number Theorem [HWO08, Theorem 6] and its fixed-ratio interval
form. For all sufficiently large n, every p < n° lies in L,. The set Qs(P) is an antichain and is
contained in £, (P), so

(4.1) BuP) = Y walp).

PEQs(P)
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For p < n‘s,

Since 7(n?) = o(n), (4.1) gives

(4.2) BAP)ZG 3 o o).
PEQs(P)
Let
Cs(P) :={p <n°: pprime and p | u for some u € P}.
Then Q;(P) and Cj(P) partition the primes up to n°.
We first bound the reciprocal mass of Cs(P). For each p € C5(P) choose one u(p) € P divisible
by p. For any fixed u € P, the primes assigned to u are distinct divisors of u, so

Z logp < logu < logn.

pru(p)=u
Summing over v € P gives
(4.3) Z logp < |P|logn < n®logn.
p€Cs(P)

Among all finite prime sets satisfying a log-budget Zpe glogp < B, the reciprocal sum Zpe g1l/pis
maximized by taking the smallest primes first. Indeed, if S contains a prime ¢ and omits a smaller
prime p < ¢, then replacing ¢ by p decreases the log-cost and increases the reciprocal sum. Iterating
this exchange proves the claim.

Let z, be the largest value for which

PHzn) = Z logp < n®logn.

p<zn

By (4.3) and the exchange argument,

(4.4) dYoo—<y =
peCs(P) p<zn

Chebyshev’s theorem ¥(z) ~ = [HWO08, Theorem 7] gives
zn = (14 o(1))n*logn,

’B\'—‘
’B\'—‘

and hence
loglog z, = loglogn + log a + o(1).
Mertens’ theorem for primes [HWO08] yields

FEDN LIS

peEQs(P p<n5 10606
p<n5 p<Zn

= loglog(n’) — loglog z, + o(1)
5
= log — 1).
og —+o(1)

Substituting this into (4.2) gives

BalP) > (; oz — 0(1)) n
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Letting 6 1 1 proves the theorem. ]
Corollary 4.2 (Barrier exponent). For every fized ¢ > 0,
kX(n) ;== min{|P|: P CU,, Bn(P) <cn} > ne col),
Proof. If |P| < n® and $3,,(P) < ¢n, then Theorem 4.1 gives
%logé <c+o(l).
Thus o > e72¢ — o(1), which is the claimed exponent lower bound. O

4.2. An unconditional fan-capture lower bound. The trivial unconditional lower bound for
the game is L(n) > (14 0(1))n/logn: in any maximal primitive subset A C {2,...,n}, maximality
forces A to contain, for each prime p € (y/n,n|, some multiple of p; and two distinct primes in
(v/n,n] have no common multiple in {2, ...,n}, giving |4| > 7(n) —n(y/n) ~ n/logn [Erd26]. The
theorem below improves this baseline by a factor of order loglogn, giving the first unconditional
lower bound of strictly larger order.

The shield obstruction above does not itself give a game lower bound. We now record a direct
unconditional lower-bound strategy for Prolonger. The mechanism is different: Prolonger first
makes a large reciprocal-mass set of small primes unavailable, then uses the resulting fan graph of
upper-half products.

Lemma 4.3 (Maximum-degree right capture). Let G = (L U R, E) be a finite bipartite graph.
Consider the following finite capture game on the live graph. Maker moves first. On each Maker
move, Maker chooses a right vertex of maximum positive live degree, captures all currently live
edges incident to it, and removes that right vertex and its incident live edges. On each Breaker
move, Breaker may delete one right vertex and all live edges incident to it, delete one live edge, or
do nothing. The game stops when no live edge remains.

Let C be the number of edges captured by Maker, and let X be the number of edges individually
deleted by Breaker. Then, regardless of Breaker’s play,

C+X2|2E’.

Proof. Index Maker’s nontrivial moves by 7. Let d; be the live degree of the right vertex captured by
Maker on move ¢. Thus this move contributes d; to C. Since Maker chose a maximum-degree right
vertex, after Maker removes it every remaining right vertex has live degree at most d;. Therefore,
if Breaker replies by deleting a right vertex in the same round, that deletion removes at most d;
live edges. If Breaker instead deletes one edge or does nothing, the number of right-deleted edges
in that round is 0.

Let Dyigne be the total number of edges deleted through right-vertex deletions. Summing the
preceding round-by-round bound gives

Dright < Z d; =C.

Every original edge is eventually in exactly one of three classes: captured by Maker, deleted as part
of a right-vertex deletion, or individually deleted by Breaker. Hence

|E| = C 4 Drigny + X <2C+ X <2(C+ X),
which proves the claim. O

Theorem 4.4 (Unconditional fan-capture lower bound). For every fixred 0 < 6 < 1/2 and every
e > 0, for all sufficiently large n, Prolonger has a strategy forcing

1 nloglogn
Ln)>(=-—¢|] ———.
(n) 2 (8 8) logn
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Equivalently,

1 nloglogn
> (= — e
Lin) 2 <8 0(1)) logn

Proof. Fix 0 < § < 1/2 and put y := n’. Let
A={a<y: aeP, aodd}.
For each a € A, define the right-prime interval

Jo = (ﬁ,ﬁ} ne.
2a" a

If b € J,, then ab € U,. Also b > y for all sufficiently large n, because b > n/(2y) = %nl_‘s and
J<1/2.

We shall use the fan graph with left vertices in A, right vertices the primes appearing in the
intervals J,, and edges (a,b) representing the upper-half target ab.
Phase 1: activating small primes. As long as some prime in A is still a legal singleton at the start
of a Prolonger turn, Prolonger takes the smallest such prime a and plays a legal target ab with
b € J,. Such a target exists. Indeed, before any Phase 1 Prolonger move there have been O(|.A])
previous Phase 1 moves, while uniformly for a € A the prime number theorem gives

n1—6

n
Jo| = (1 1 .
[Jal = (14 05( ))Qalog(n/a) >4 logn

This is larger than |A| = Os(n®/logn) because § < 1/2. If a is still legal, a previously chosen
number can make a candidate ab illegal only by being b itself or ab itself; each previous move rules
out at most one candidate b. Therefore some legal ab remains.

Phase 1 ends when no prime in A is a legal singleton. If this happens immediately after a
Prolonger move, include Shortener’s next move, if there is one, in the Phase 1 damage accounting
below before Phase 2 starts. This convention only adds one Shortener move.

Define

Ap :={a € A: during Phase 1, a is made illegal by a chosen proper multiple}

and
D :={a € A: Shortener chooses the singleton a during Phase 1}.

Prolonger never plays a singleton from 4, and a prime singleton can become illegal only by being
chosen itself or by having a proper multiple chosen. Thus

A=AyUD.

Let P C Ag be the set of primes activated by Prolonger’s Phase 1 moves. Pair each o’ € D
with the immediately preceding Prolonger activation a € P. The pairs are distinct because turns
alternate. Since Prolonger always activates the smallest currently live prime, and since legality only
decreases as play proceeds, a < a’. Therefore

1 1 1
)RS IR D
a'€D a€P a€Aop

Using A = Ag UD and Mertens’ theorem for primes,
1 1 1 1
4. -> = S )
(4.5) Z a_QZa (2 0(1)) loglogn
a€Ao acA
Phase 1 damage and the surviving fan. Let E* be the raw fan-edge set over Ag:

E*:={(a,b):a € Ay, be J,}.
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The same uniform prime number theorem estimate gives

B =) |l

a€Ap

1 n 1
> = —os5(1 -
(4.6) - (2 o5 )> logn Z a
a€Ap
1 nloglogn
> (= —og(1)) —257
- (4 os( )> logn
by (4.5).

We now remove from E* the edges whose targets have already become unavailable before the
first Phase 2 Prolonger move, and call the remaining edge set Ey. If a € Ag, the singleton a was not
chosen. Since ab > n/2, the target ab has no proper multiple in {2,...,n}, and its only relevant
proper divisors are a and b. Hence a Phase 1 move can destroy a raw fan edge (a,b) only by
choosing the right singleton b, which removes a whole right star, or by choosing the exact target
ab, which removes one edge.

There are O(|.A|) Phase 1 moves, including the possible intervening Shortener move. Right-
singleton choices therefore destroy at most O(|.A|?) raw fan edges, and exact-target choices destroy

at most O(|A|) raw fan edges. Since
§
A=0s( ).
logn

n20 n nloglogn
05 —5 | =05 =o5| ——— | .
log“n logn logn
Consequently

1 nloglogn
4. Eol > | - — 1) | —————.
(@7 ol = ( - ost1) ) HEE

the total damage is

Phase 2: capturing right stars. On the surviving fan graph Go = (4p U Ry, Ep), Prolonger follows
the maximum-degree right-capture strategy from Lemma 4.3. That is, on each Phase 2 turn he
chooses a right prime b of maximum positive current degree and plays one legal target agb incident
to it.

This move is legal. The left singleton ag is already illegal from Phase 1, but it was not chosen;
the right singleton b has not been chosen, because otherwise the whole right star would have been
removed from Ejp; and the target agb itself is still available by the definition of Fy. Since apb > n/2,
no proper multiple of it is on the board, and the only relevant proper divisors are ag and b.

Shortener’s reply has one of the three effects allowed in Lemma 4.3: choosing a right singleton
deletes a right vertex and its live star; choosing an exact fan target ab deletes that one live edge
if it is still live, and is a do-nothing move relative to the live graph if ab was already captured in
an earlier right-star capture by Prolonger; any other legal move deletes no live fan edge. Therefore
the lemma applies. Let C' be the number of fan edges captured by Prolonger’s right-star moves
in Phase 2, and let X be the number of live fan edges individually deleted by Shortener as exact
targets in Phase 2. Then

| Eol

(4.8) C+x >0,

It remains to translate captured graph edges back to actual game moves. When Prolonger
captures a right prime b by playing some agb, the capture-move edge (ag, b) is realized as Prolonger’s
current game move. For every other edge (a,b) live at that capture time, with a # ag, the singleton
a is already illegal from Phase 1 but was not chosen, and the target ab has not yet been chosen.
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Moreover ab has no proper multiple in {2,...,n} and its only relevant proper divisors are a and b;
any proper multiple of a that was chosen in Phase 1 is not comparable with this surviving target.
Therefore ab remains legal until ab itself is chosen; terminal maximality forces it to be chosen
eventually. Distinct fan targets all lie in U,, so they are mutually incomparable unless they are
equal, and the graph edges are distinct. Thus the captured edges account for C' distinct eventual
game moves (one of which, agb, is Prolonger’s own capture play), while the individually deleted
edges counted by X are themselves distinct game moves realized by Shortener’s exact-target choices.

Hence
| Eo| 1 nloglogn
L >CH+X>—> |- - 1) )| ————
(n) 2 C+ X > 2 —\8 o (1) logn '

by (4.7) and (4.8). Since § was fixed, this proves the theorem. O

4.3. The conditional T2 theorem. The preceding fan-capture theorem gives an unconditional
game lower bound. We now record a different, potentially larger lower-bound mechanism as a
conditional target theorem: the unconditional version remains open, and the hypothesis below is
stated explicitly so that any future progress can be measured against a precise finite-combinatorial
target rather than a folklore belief. The mechanism uses residual upper-half targets of the form
acb, where a, c are small primes and b lies in a corresponding large-prime interval. The resulting
residual game is modeled by a scored rank-three slot hypergraph.

The finite potential argument which one would like to use in this slot hypergraph is not true
for arbitrary finite capture games. The counterexample in Proposition A.1 shows that a unique
max-gain Maker move need not dominate every subsequent Breaker deletion, and Proposition A.2
shows that the general safe-edge property already fails inside the residual arithmetic games. We
therefore state the lower bound conditionally on a restricted property for the states generated by
the specific activation and residual strategies.

Definition 4.5 (Restricted safe-edge hypothesis). In each finite graph or scored rank-three hyper-
graph state actually reached by the T2 activation strategy and subsequent residual slot construction,
assume that whenever a positive-weight live edge exists, Maker has a legal live edge f such that,
after Maker plays f, every legal Breaker reply leaves the scaled potential @), as defined in the finite
slot-game setup of Appendix A, at least as large as it was before Maker’s move.

Remark 4.6. The narrowing to strategy-generated states is specifically engineered to avoid the
counterexample of Proposition A.2: the restricted hypothesis is therefore the narrowest form com-
patible with the paper’s own refutation of the general safe-edge property, and its plausibility is an
open target.

Theorem 4.7 (Conditional T2 lower bound). Assume the restricted safe-edge hypothesis for the
finite graph and residual slot-hypergraph states generated by the construction in Appendix A. Then
for every fixred 0 < § < 1/4 there is a constant c5 > 0 such that

log 1 2
L(n) > ¢; M1o81087)7
logn
for all sufficiently large n.

Proof. See Proposition A.9 in Appendix A. The full proof assembles Propositions A.5 to A.8 under
the restricted safe-edge hypothesis of Definition 4.5. O

5. THE Exact 5/24 FirsT-HiT COVER

This section determines the minimum number of upper-half elements needed to hit every lower-
half element by divisibility.
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Theorem 5.1 (First-hit cover constant). Let
7(n) :=min{|C|: C CU,, Vz € L, Fu € C with z | u}.
Then
r(n) = oon+O(1)
More precisely, the cover
H,={uelU,: u=2 (mod4)}U{ueclU,: u>2n/3, u=0 (mod4)}
has size 5n/24 + O(1), and there is a matching packing of lower-half witnesses of the same size up

to O(1).

See Figure 2 for the explicit construction.

=0 (mod 4) cover piece 2: u > 2n/3
=1 (mod 4)
=2 (mod 4) cover piece 1
=3 (mod 4)
n/2 2n/3 n

|Hn| = %Z + O(l)

FI1GURE 2. The exact first-hit cover H,, from Theorem 1.6. Upper-half elements are
stratified by residue mod 4. The cover consists of all u = 2 (mod 4) (entire band)
together with w = 0 (mod 4) restricted to u > 2n/3 (right portion of the = 0 band).
Residue classes = 1 and = 3 are odd and require no cover element beyond their own
presence. The matching lower-half packing (not shown) gives 7(n) = 5n/24 + O(1).

Proof. We prove matching upper and lower bounds.
For the upper bound, define

H, ={uelU,: u=2 (mod4)}U{uecU,: u>2n/3, u=0 (mod4)}.

We show that every z € L,, divides some element of H,,.

If © > n/3, then 2z € U,. If z is odd, then 2z = 2 (mod 4); if x is even, then 2z = 0 (mod 4)
and 2z > 2n/3. Hence 2z € H,.

If n/4 < <n/3, then for odd x the element 2z lies in U, and is 2 modulo 4. For even z, the
element 3x satisfies 3z > 3n/4 > 2n/3 and 3z < n; it is even, and is therefore either 2 or 0 modulo
4, with the latter case covered by the condition 3z > 2n/3. Thus 3z € H,.

If n/6 <z <n/4, then 4z € Uy, 4z > 2n/3, and 4o =0 (mod 4), so 4x € H,,.

Finally suppose = < n/6. The interval

2n n
(3x’ x]

has length n/(3x) > 2, and hence contains an even integer k. Then u = kz satisfies 2n/3 <u <n
and is even. If u = 2 (mod 4) then u € H, by the first clause; if u = 0 (mod 4) then u € H,, by
the second clause. In either case z | u.
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The two clauses defining H,, are disjoint. Therefore

|Hp| = #{u € (n/2,n] :u=2 (mod4)}
+#{u € (2n/3,n]:u=0 (mod 4)}
0y o) =24 o).
24
Thus 7(n) < 5n/24 + O(1).
For the lower bound, define

P,:={m: n/3<m<n/2}U{m: n/4<m<n/3, modd}.
Then

n l/m n on
Pl =2 +5(3-F) +0() = 22+0().

The set P, is an antichain. Indeed, if z < y and « | y, then y > 2z. If y < n/3, then
x < n/6 < n/4, impossible for x € P,. If n/3 < y < n/2, then z < n/4, again impossible for
z € P,.

We claim that any u € U, is divisible by at most one element of P,. If x € P, divides u, then
x >n/4 and u < n, so

1<Z<4
x
Thus u/z is either 2 or 3. If two distinct elements of P, divide u, they must be u/2 and /3. In
particular 6 | u. But then w/3 is even. It cannot lie in the first component (n/3,n/2] because
u/3 < n/3, and it cannot lie in the second component because that component requires oddness.
Hence at most one element of P,, divides u.

Now let C C U, be any cover of L,. Each x € P, must divide some element of C, and the

preceding paragraph shows that different z € P, require different elements of C. Therefore
n

)
> |P,| = — + O(1).

This proves the matching lower bound. O

6. INTERMEDIATE UPPER BOUNDS

The main upper bound in Section 7 refines a simpler odd-prime-prefix method. We present the
two intermediate versions because their proofs isolate the compression and Bonferroni ideas used
later.

6.1. Odd-part compression. The following elementary lemma is used throughout the upper-
bound arguments.

Lemma 6.1 (Odd-part injection). Let A be a divisibility antichain. The map

x

o(z) = Sua(z)

is injective on A.

Proof. If o(x) = p(y) = m, then = 2%n and y = 2°m. If @ < b, then z | y; if b < a, then y | x.
Since A is an antichain, both cases force z = y. O
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6.2. The 13/36 bound.

Theorem 6.2. Shortener has a strategy forcing

L(n) < <£+vﬂ0n

= [

For her first k£ turns, Shortener plays the smallest legal odd prime; after that she plays arbitrarily.
Let

Proof. Let

qr <qz <---<(gg

be the odd primes she obtains.

We first bound these primes. Fix € > 0. If, before Shortener’s jth prefix move, every odd prime
up to

=(3/2+¢)jlogn

were blocked, then the total odd-prime Chebyshev mass up to X would be covered by the earlier
Shortener primes together with the odd prime divisors of Prolonger’s first j moves. Each Prolonger
move contributes at most log n of prime-divisor log-mass. By induction on j, the previous Shortener

primes contribute at most
1 .
D loggi < <2 + 0(1)> jlogn,

1<)
because j < y/n/logn. Thus the blocked log-mass is at most (3/2 + o(1))j log n, while the prime
number theorem gives
Joaa(X) = (3/2+ ¢+ o(1))j log,
a contradiction for large n. Hence
4 < (3/2+ €)jlogn
uniformly for j < k. For this fixed ¢,

ko1
— 1).
zzzq _3+25 — o=(1)

Since the strategy and the preceding estimate hold for every € > 0, we may let ¢ | 0 after taking
n — oo, and therefore

1
14

>

M;r

(6.1) —o(1).

oo\»—n

J
Let A be the final antichain. All elements other than the prefix primes have odd part not divisible
by any ¢;. By Lemma 6.1,
where D = {q1,...,qx} and Np(n) is the number of odd integers m < n not divisible by any prime
in D.
Choose t minimal such that

and put £ = {qi1,...,q}. Since every g; is an odd prime, 1/g; < 1/3, so

&e[;—dn,§+dn]ch]

for large n. Because E C D, we have Np(n) < Ng(n).
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Second-order Bonferroni on the events ¢ | m over odd m < n gives
st 2
1— s+ o + O(t )

n). The function f(s) = 1 — s + s?/2 is decreasing on

Ng(n) <

| 3

Here t < k, so O(t?) = O(n/log*n) = o
[0, 1], and therefore

—~

Fls) < F(1/3 — o(1)) = 12 +o(1).
Consequently

1
|A| < k+ Np(n) < £n+o(n).

6.3. The 5/16 bound.

Theorem 6.3. Shortener has a strategy forcing
5
L(n) < <16 + 0(1)) n.

Proof. Fix A, > 2 and set

n
ki=|—7—7—1.
{QA*lognJ

Shortener plays the smallest legal odd prime for her first k turns. (Legality of such a prefix for all
sufficiently large n is proved in Lemma 7.1; the argument there depends only on board size, not
on the odd-part compression used in this section.) The same Chebyshev log-mass induction, now
with j <n/(24,logn), gives
g < Aglogn  (1<j<k)
Indeed, if all odd primes below A,jlogn were blocked, Prolonger’s first 7 moves would contribute
at most jlogn, and the previous Shortener primes would contribute at most (1 + o(1))j logn; this
is less than A,jlogn because A, > 2.
It follows that

As in the proof of Theorem 6.2, use the odd-part injection and truncate the prime set at the first
partial sum
1
> — —o(1).
st > A o(1)
Since 1/¢; < 1/3 and A, > 2, the partial sum remains in [0,1]. The second-order Bonferroni

estimate gives
n 1 1
Lin)<=(1—-——+ —= .
(n)_2( A*+2A3)+O(n>
For every fixed A, > 2 the strategy above is valid. Letting A, | 2 after taking n — oo yields

1 1 5
L <y (1-5+5) +oln) = sin+ ol
The pair-intersection error is o(n) because only prime pairs with product at most n contribute an
O(1) floor error, and

n 1
#{p<q:pg<n}< ) W(n/p)<<10gn ) o(n).
p<yn p<Vn
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7. THE MAIN UPPER BOUND

In this section we prove the paper’s headline upper bound

L(n) < <V;’4 + 0(1)> n < 0.19n.

The proof uses the following explicit strategy. Shortener plays the smallest legal odd prime for a

long initial prefix of
= (I—e)n
2logn

turns. This prefix is available for all sufficiently large n.

Lemma 7.1 (Existence of the odd-prime prefix). Fiz 0 < e <1 and

- (1—¢e)n ‘
2logn
For all sufficiently large n, before each of Shortener’s first K turns there is a legal odd prime. Hence
the smallest-legal-odd-prime strategy can be followed for a prefiz of K Shortener mowves.

Proof. Since the board is {2,3,...,n}, no legal move equals 1. Consider the moment before Short-
ener’s jth move in this prefix, with 1 < j < K. At most 25 — 1 previous moves have occurred. A
previous move z < n can make at most one odd prime p > /n illegal: if two such primes divided
x, then z > n, while the only other way for x to be comparable with such a prime is x = p itself.
Thus at most 2j — 1 odd primes in (y/n, n| have been made illegal.

By the prime number theorem,

m(n) = m(vn) ~

> 2K
logn

for all sufficiently large n. Since 2j — 1 < 2K, at least one odd prime p € (y/n,n| remains legal
before Shortener’s jth prefix move. In particular the game has not ended, and Shortener’s rule has
a legal odd prime to play. O

Let
B <qg2<--<(gK
be the odd primes she plays during that prefix. The argument has four layers:

(1) a one-sided lower-profile estimate for the counting function of the g;;

(2) a monotone envelope and inversion producing a comparison sequence b; > ¢; with explicit
moment limits;

(3) a fourth-order Bonferroni comparison theorem for arbitrary increasing odd-prime compari-
son sequences;

(4) a prime-rounding bridge that replaces the real sequence b; by actual odd primes p;, using
the key half-density slack supplied by the prime-rounding bridge of Theorem 7.20.

The assembly from Lemma 7.4 through Lemma 7.17 is the longest prose stretch in the paper
and the part most sensitive to auditing. Its arithmetic kernels—envelope properties and flat-block
mass estimates—have zero-sorry Lean artifacts in the files Envelope.lean and FlatMass.lean
of the Round15Bonferroni4 project; the assembly itself is prose, with the moment-convergence
hypotheses feeding the zero-sorry endgame reduction in Target.lean.
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7.1. A lower-profile envelope for Shortener’s primes. Write
_logX
" logn

Sk(X) =#{j < K:q; < X},

We establish a one-sided lower envelope for the counting function of Shortener’s captured primes.
On the interval
c 1 1
u —_— —
h+1" h]’

(u) 1 1

u) = = )
r (/u] + Du  (h+ Du
Figure 3 plots this piecewise-hyperbolic profile on (0, 1].

the lower-profile function is

—_
I

= Wl |w
| |

o=
utl=
T
W=
[NIES

u = log X/logn

F1cure 3. The lower-profile function p(u) = 1/((|1/u] + 1)u) on (0,1]. On each
interval (1/(h + 1),1/h] with h > 1, p is the strictly decreasing hyperbola u
1/((h + 1)u), jumping up to 1 at each left endpoint u = 1/(h + 1)* and descending
to h/(h+1) at u = 1/h. The monotone right-continuous cumulative envelope built
in Lemma 7.4 and inverted in Lemma 7.5 is derived from this profile.

Lemma 7.2 (Local prime-count per range). Let Shortener follow the smallest-legal-odd-prime
strategy. Fixz an integer h > 1 and real numbers 2 <Y < X < n with

Yyt s g,

Assume the odd-prime strategy is available until the first time her next odd-prime move would exceed
X, and let S(X) be the number of odd primes at most X which Shortener has played by that stopping
time. Then
m(X) —7(Y)
—————— — Op(D).

h+1 n(1)
In particular, if nV/ ") <V < X < nY" then every prime p € (Y, X] lies in the packet regime
p < n < p"t and the same lower bound holds.

S(X) >

Proof. Shortener’s odd-prime moves are increasing: once a prime has become illegal it cannot
become legal later, and the strategy always chooses the smallest legal odd prime. At the stopping
time in the definition of S(X), no odd prime p < X is still legal. Therefore every odd prime
p € (Y, X] has one of two forms: either Shortener herself has played p, or some earlier Prolonger
move was divisible by p.
Let
M:=#{peP: Y<p<X, podd}.
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The number of primes counted by M that Shortener has played is at most S(X). There are at
most S(X) + 1 Prolonger moves before the stopping time. Each such move is an integer at most n,
so it is divisible by at most A distinct primes from (Y, X]: otherwise it would be at least Y+ > n.
Hence

M<S(X)+h(S(X)+1)=(h+1)S(X)+ h.
Thus
S(X) 2 h+1"
Finally M = 7(X) —7(Y) + O(1), the O(1) accounting only for the prime 2 and endpoint conven-
tions. This gives the claimed bound. If pt/t) « V<« X <pl/handp e (Y, X], then ph< Xh<n
while p"t1 > Y"1 > 5 so this is exactly the stated packet regime. O

Proposition 7.3 (Local density away from breakpoints). Fiz H > 2, and set

) 1
S S
For1 < h<H —1, define
1 1
Qap, Z:m+TH, Bh ::E_THy Ih = [Oéh,/Bh]-

Then there exists a function {g(n) — 0 such that, for all sufficiently large n, for everyl < h < H—1

and every u € I,

nu

Sk(n") > (1 - fH(”))m-

Proof. The intervals I}, are nonempty, because
1 1 1 1

Q= — —— 97 > — 0
bn=on= g =33y T g o) ame
Fix1<h<H-1andu € I, and put
n :%{, X :=n", Y i =n""
Since u € I,
_|_7'H 1 1 <1
IH -, it
77—h+1 > Thyr "SR

). Thus Y"1 > n, and Lemma 7.2 yields

1
X) - (Y
S(X)Zh—ﬂ

where S(X) denotes the number of odd primes played by Shortener up to the first time her move
exceeds X.

Assuming the prime prefix exists for all K Shortener moves, as guaranteed for large n by
Lemma 7.1, we claim that S(X) = Skg(X) for all u € UhH:_11 Ij, once n is large enough. Indeed,
u < 81 =1 — 7q, so by the prime number theorem,

) < o< n > — o(K).

logn logn

Therefore all odd primes at most X = n" are exhausted before the prefix of length K, and the
local counting function S(X) coincides with the truncated counting function Sk (X).
Substituting X =n" and Y = n""" gives

—Op(1).
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Now u ranges over the fixed compact interval I, so the prime number theorem is uniform there:

nu

Also u —n < wu— 7g/2, hence

m(n"="M)

—n _ 1
n/(ulogn) Saun on (1)

uniformly for u € I. Since there are only finitely many blocks 1 < h < H — 1, we may absorb the
error terms into a single function &g (n) — 0, valid simultaneously for every h and every u € Ij.
This gives

nu

(h+1)ulogn’

as claimed. OJ

SK(n“) Z (1 — §H(n))

7.2. Moment constants and the Bonferroni coefficient. Define

1 T
Jp = / Hp(ui)dul - duy,

rl Jur+-—4ur<1
u;€(0,1] =1

and
Wyi=1—J1 4+ Jo— Js+ Js4.

The interval-arithmetic certification in Proposition B.1 gives

% < 0.1897123371 < 0.19.

For any increasing sequence by < --- < by of positive reals, define the truncated factorial-moment
sums

1
TOm) = >, o (1<r<a),
1< < <jp <K It J
bjy bj, <n

r

7.3. Monotone envelope and inversion. The lower-profile estimate from Proposition 7.3 is
piecewise-defined, so one must build a monotone global comparison sequence before applying the
Bonferroni comparison.

Lemma 7.4 (Right-continuous cumulative envelope). Fix H > 2, and define T, ap, B, In as in
Proposition 7.3. For every sufficiently large n there is a monotone right-continuous step function
Cun:[2,n] = {0,1,..., K} such that

Cun(X) < Sk(X)  (2<X <n).

More precisely, with £g(n) — 0 chosen from Proposition 7.3, put

nu

Analw) = (1= €a () Gy

(u € Ip),

and
Ly := |Apn(an)], Ry = |Ann(Bn)].

Then, after increasing n depending on H,

0<Lg 1 <Ry 1<Lp o2<Rpyo2<---<L1 <R <K,
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and
(0, 2 < X < noH-1,
|Ann(log, X)], n* <X <nfr (1<h<H-1),
Crn(X) = { Ba, nfr < X <no1 (2<h < H-1),
Ry, n < X <n,
K, X =n.

At each jump endpoint the value is the value on the right-hand piece; in particular the first point at
which a level j is reached satisfies Cpn(bj) > j for the generalized inverse b; of Lemma 7.5. The
endpoint algebra is the same one formalized in Envelope. lean, and the reciprocal profile at the flat
endpoints is mirrored by the zero-sorry lemmas in FlatMass. lean.

Proof. By Proposition 7.3, there is a function £z (n) — 0 such that for every large enough n, every
1<h<H-1,and every u € I,

nu

Sk(n*) > (1- §H(n))m'

For fixed H and all sufficiently large n, the functions A, j, are strictly increasing on Ij,, since

) = (= ) e (1= ).

and v > ag_1 > 1/H.
The definitions of Ly, Ry, give Ly < Rp. Moreover, for 2 < h < H — 1,

An,h_l(ah_l) 2ty (h + 1)(1/h — TH)

=n"TH. — 00,

A n(Br) h(1/h+7H)

so Ry < Lj_1 for all large n. Also

n
R <

again for large n. Thus the displayed order of endpoint levels holds.

The function Cp,, is nondecreasing on each genuine block, constant on each gap, and nonde-
creasing across adjacent pieces by R < Lj_1. Its endpoint convention makes it right-continuous.
Domination by Sk is checked piece by piece: on a genuine block it is exactly the local-density lower
bound, on a gap it follows from Cp,,(X) = Ry, < Sk (n’*) < Sk(X), and at the endpoints below
n*®#-1 and at n it is immediate.

Finally, because C'qy, is a finite right-continuous step function whose endpoint values are included
on the right-hand pieces, its first hitting point for any level j is one of the displayed endpoints
or a genuine-block point at which | A, ;(log, X)| > j. Hence the first hitting point b; satisfies
CH,n(bj) > 7. U

Lemma 7.5 (Generalized inverse comparison sequence). Let C,, be the envelope of Lemma 7.4,
and define

bj = inf{X S [2,71] : CH,n(X) > j} (1 <3< K)
Then by < --- < bk, and Shortener’s prime prefix satisfies

qj < b; (1<j<K).
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Equivalently, the inverse is given by the endpoint-and-block formula
n*i-1 1<j< Ly,
n¥hi, Ly < j < Ry, where An,h(uh,j) =7,
n*-1 R, <j<Lpi (2<h<H-1),
n, R <j<K.

The abstract cutoff comparison is formalized without sorries as cutoff le_of_lowerProfile in
Round15Bonferroni4/Inversion. lean.

Proof. Monotonicity of Cp,, gives by < --- < bg, and the displayed formula is just the first-hitting
description of the step function. By Lemma 7.4,

Sk (bj) > Crn(bj) > J.
Thus at least j of the primes g1, ..., gx are at most b;, so the jth one satisfies ¢; < b;. ]

Lemma 7.6 (Flat-block mass and repeated indices). With bj, uj, w; defined by Lemma 7.5, set

1
— . R Uy
u; = log, b;, wji=—=mn ",

b

and
K
UHn = ij 6uj-
j=1
If pan = van + A is split into genuine-block and flat filler-block contributions, then

A n| = On(1/logn) = om(1).
Moreover jip ,([0,1]) = Op(1) and, for each fized 1 <r < 4,

0= [ aup, = T < (3) (mcany s (0.1 = o),
s ’ J
where ¥, = {(u1,...,up) : up + -+ +u, < 1}. The reciprocal mass estimates are the paper-level

versions of bottomFlatMass_eq and gapFlatMass_le in Roundl15Bonferronil/FlatMass. lean.
Proof. For the bottom flat block,

- _ 1—¢&u(n) 1
)\bot N Q-1 < A B B -1 — =0 )
| Hn H-1m < Anm-a(am-)n Hapg q1logn H logn

For a gap block between I, and I,_q, where 2 < h < H — 1,

_ _ 1—§H(n) 1
)\(h) —(Li + —R Oh-1 < [, a1« _— SHVY )
| H”‘ (L1 n)n = Shoin ~ hap_1logn H logn

For the top block,

logn
There are only Op (1) filler blocks, so [Agn| = Op(1/logn) = ox(1).
The same Stieltjes calculation used below with f = 1 gives vy, ([0,1]) = Og(1), and the flat
contribution is og(1); hence ppn([0,1]) = On(1). The diagonal or repeated-index part of the
ordered r-fold product is bounded by

<;> (maxw;) o n ([0, 1])7

Since max; w; < n~*H-1 — 0 for fixed H, this is og(1). O

K 1
N | = (K — Ry)n™" < — :o( )
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Lemma 7.7 (Log-scale measure convergence). Let Gy = UhH 1 In. For every f € C1([0,1]),

/fdMHn—/ f(u)p(u) du+ op(1).

Consequently, for every fired 1 < r < 4,

/ d,an = <1 H p(u;) duy - - - du,

r uw, €Gy =1
The atoms from flat blocks have vanishing total mass by Lemma 7.6; the remaining discontinuities
are only the finitely many coordinate breakpoint hyperplanes and the hyperplane uy + -+ -+ u, = 1,
which have zero limiting product measure.

Proof. Fix 1 < h < H — 1. On the block L, < j < Ry, the value u; =: up; € I, is defined by
App(up,j) = j. Therefore, for every f € C'([0,1]),

Bn
/ deHn_ Z flup jyn =i = Flu)yn™"d| A, p(u)].

] Lh+1 Qh
Let Ry p(u) := |Apn(u)] — Ay p(u), so |Ryp(u)| < 1. Stieltjes integration by parts with g(u) :=
flu)n™" gives
Bh Bh
| s i) = [ gw)dannte) + Eun(f),
a p,

h
where

Bh
Bun (D] < 2l + [ 19 (0)] du = o1,
ap
because ¢'(u) = (f'(u) — (logn) f(u))n™* and e, > ag—1 > 1/H. On the other hand,

W) = (1= ol (1- ) we ),

ulogn

because p(u) = 1/((h + 1)u) on I;. Hence

B
/ Fn " dAp(u) = | Fu)p(u)du+on (1),

Ih
and therefore

/fdan /f w) du + og(1).

Summing over h and using Lemma 7.6 gives the displayed convergence for C! test functions, and
hence for continuous test functions by uniform approximation.

The tensor-product convergence follows for continuous functions on [0, 1]". The indicator of ¥,
restricted to G'; is Riemann integrable: the only discontinuities are the finitely many coordinate
breakpoints and ui + - -+ 4+ u, = 1, each of zero Lebesgue measure against [ [, p(u;) du;. Approxi-
mating this indicator from above and below by continuous functions gives the stated limit. U

Proposition 7.8 (Envelope and inversion). Fiz H > 2, and define T, ap, B, I as in Proposi-

tion 7.8. Put
H-1
= U Ih?
h=1

and for 1 <r <4 define

1 T

uiGGH i=1
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Then for every sufficiently large n there exists a monotone function Cg,, : [2,n] — {0,1,..., K}
such that:

(1) Cupn(X) < Sk(X) forall2 < X <mn;
(2) if
bj :=inf{X € [2,n] : Cyn(X) > j},
then q; < b; for every 1 <j < K;
(3) for every fized r € {1,2,3,4},
TP (n) = I +op(1)  (n— o0);
(4) for every fized r € {1,2,3,4},
or
<J —JH < =
0<Jr=I" <

In particular, there exists an integer-valued function H.(n) — oo and a corresponding choice of
comparison sequences

bg")g...gbg?)

obtained from the above construction with H = H,(n) such that
T () = J, +0(1)  (1<r<A).

Proof. Lemma 7.4 gives the dominated envelope, and Lemma 7.5 gives ¢; < b;. By Lemma 7.6,
repeated ordered tuples contribute only of(1) to the r-fold product integral. Combining this with
Lemma 7.7 gives

T (n) = JH) + oy (1).

r

It remains to control the excised breakpoint region. Since 0 < p(u) < 1 on (0, 1], we have
1
0 S Jr - J’SH) S F)\r({(ula e 7u7‘) € [07 1]T : 37” Uj ¢ GH}):

where )\, denotes r-dimensional Lebesgue measure. Moreover,

1 1 1 )
= — — < 4 2
0.1\ Gl = 2+ 2(H g < o+ 122 = 1
By the union bound in [0, 1]",
. or
)\r({(ul,...,ur) €[0,1]": 3, u; ¢ GH}) <r|(0,1]\ Gg| < i

This proves the fixed-H assertions.
To obtain a single comparison sequence for each n, choose Ny so large that for all n > Ny the

above construction is valid and, for every 1 < r < 4,
1
70 m) - 50| < L.

After enlarging if necessary, assume Ny is increasing in H. Define
H.(n) :=max{H >2: Ny <n},

and let bgn) << b%) be the comparison sequence produced with parameter H = H,(n). Then
H,(n) — oo, and for every 1 <r <4,

™)y ™)y 7(He(n)) (He(n)) _ 1 or
T (n) = Jp| < [T (n) = J} |+ |7} Jp| < Ho(n) + TH. ()1’

which tends to 0. g
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7.4. The prime-sequence Bonferroni comparison theorem. The comparison theorem must
be stated for prime sequences, not for arbitrary reals; the correct statement is the following.

Lemma 7.9 (Odd-sieve monotonicity under prime upgrades). Let g1 < -+ < qx andp1 < -+ < pi
be odd primes with q; < p; for every j. If N(r1,...,rK) denotes the number of odd integers m < n
not divisible by any of the primes r1,...,rx, then

N(q1>"'7q1() SN(plaapK)

Proof. Replace the primes one at a time, in descending order of the index. Suppose the primes
other than the kth one form a set R, and let ¢ < p be the two possible kth primes, neither lying in
R. Let Ag(t) be the number of odd integers at most ¢ which are divisible by no prime in R. Since
q and p are distinct from every prime in R,

N(RU{q}) = Ar(n) — Ar(n/q), ~ N(RU{p}) = Ar(n) — Ar(n/p).
The function Ag(t) is nondecreasing, and ¢ < p, so Ar(n/q) > Ar(n/p). Hence replacing g by p

can only increase the survivor count. Descending replacement preserves distinctness and the sorted
structure, because after the indices > k have been upgraded we still have qx—1 < qr < pr < Pr+1,

with the obvious endpoint omissions. O
Theorem 7.10 (Prime-sequence Bonferroni—4 comparison). Let g1 < --- < qx be the actual odd
primes played by Shortener during the prime prefiz, and let p1 < --- < px be any increasing

sequence of odd primes with
qj < pj (1<j<K).
Assume that for 1 <r <4,
TP (n) = A, +o(1).
Then

L(n)S (1—A1—|—A2—A3—|—A4—|—0<1)).

|3

Proof. Let A be the final played set. If the game ends before Shortener completes the prefix of
length K, then L(n) = o(n) and there is nothing to prove, so assume gz, ..., gk were all played.

Define the odd-part map
x
(P(:U) = 2’02(%) '
If o(z) = @(y) = m, then = 2%m and y = 2*m. If a # b, one of z and y divides the other,
contradicting that A is an antichain. So ¢ is injective on A.
Since each ¢; € A, no other element of A can be divisible by any g;. Because g; is odd, divisibility

by ¢; is preserved under the odd-part map. Hence
©(A) C {m <n:modd and g; f m for all j} U{q1,...,qx}.

Therefore
L(n) < N(q1,....9x) + K = N(q,-..,9x) + o(n),
where N(qi,...,qx) counts odd integers up to n avoiding all g;.
Now replace the actual sequence ¢; by the larger prime sequence p;. Lemma 7.9 gives

N(q17' 7(JK) S N(pla" . 7pK>
Applying fourth-order Bonferroni to the divisibility events p; | m over odd integers m < n gives
n
Nps,spx) < 5 (1= T (0) + 1 (n) = T () + T ()
+ O(1 + Dy + Dy + D3 + Dy),

where
D, ::#{jl <"'<jr:pj1"'pjr Sn}
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Indeed, for a fixed r-tuple J = {j1 < --- < j,} with Pjy:= Hjerj < n, the number of odd m < n
divisible by Pj is
n
because Pj is odd. If P; > n the intersection is empty, so the total floor error in the first four
Bonferroni sums is O(Dy + D2 + D3 + Dy4). The additional O(1) accounts for replacing the exact
number of odd integers at most n by n/2.
By Landau’s theorem on the count of r-almost-primes [HWO08, Theorem 437],

n(loglog n)T1>

#{m < n:m squarefree and w(m) =r} = Or(
logn

Every product counted by D, is such a squarefree integer, and therefore

DT:OT(W) = o(n) (1<r<4),
so the error is o(n). Substituting T (n) = Ay + o(1) yields the stated inequality. O
7.5. The prime-rounding bridge.
Lemma 7.11 (Fixed-ratio cell reciprocal mass). Fiz H > 2, and let by, ...,bx be the comparison

sequence obtained from Proposition 7.8 with this fived H. For every fixed ¢ > 1, uniformly in'Y > 0,
1 1
Z b, OH’C<10 n) ‘
1<<K &
Y <b;<eY
Proof. If the cell [Y,cY) lies inside a genuine block [n®, 1], then By ,(X) := #{j : b; < X}
agrees with | A, ,(log, X)| on the block. As in the proof of Proposition 7.8,

d 1-— {H(n) 1 1
2 A, n(log, X) = 1 :
ax Ann(logn X) (h+1)log X g x ) < logn

because every genuine block has X > n®H-1 > ni/H_ Hence

#{j:Y <bj <cY, j genuine} <p s + 1.
logn
Dividing by Y gives a reciprocal contribution Op.(1/logn); the endpoint +1 is harmless since
Y > n!# in a genuine block.

A fixed-ratio cell can meet at most one breakpoint for all large n, because successive breakpoints
in the envelope are separated by a factor which is a positive power of n. If the cell is adjacent
to a breakpoint, split its genuine part into the at most two adjacent genuine pieces and apply the
preceding estimate to each. The only additional contribution is the flat atom at the breakpoint.
At Ajp, := n“t the flat multiplicity is at most Ly, so

Ln _ Anp(an) :OH< 1 )

A, = no logn

The top flat block at b; = n contributes at most

K
oft)
n logn

Cells lying wholly in gaps have no genuine contribution and only the same possible flat-atom
contribution. These cases cover all Y. 0
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Lemma 7.12 (Product-strip reciprocal-mass estimate). Fix H > 2, fized real numbers C > 1 and
¢ > 1, and an integerr > 1. Let by, ..., bg be the comparison sequence obtained from Proposition 7.8
with this fited H. Then, for all sufficiently large n,

1 1
2. b, b, OHC”(logn) '

J1<<Jr "
TL/C<bjl bJTSCTL

Proof. Partition (1,n] into logarithmic cells
Cn = [, ™) (0 <m < [log.nl).
There are O.(logn) possible cells in each coordinate. In logarithmic coordinates, the condition
n/C <zy--z, <Cn

is a strip of width O¢ (1) cell-widths around the hyperplane y; + - - - + v, = log n. Equivalently,
if z; € Cy,, and the product cell meets this strip, then

log.n — Ocer(1) <mi+---+my <log.n+ Occr(l).

Thus, after any r — 1 cell indices have been chosen, the last cell index is restricted to Oc (1)
possibilities. The number of relevant cell patterns is therefore Oc ., ((logn)"1).

For each cell pattern, the contribution of distinct tuples lying in those cells is bounded by the
product of the corresponding cell reciprocal masses. By Lemma 7.11, each such cell has reciprocal
mass Op(1/logn), including cells containing flat atoms or the top atom b; = n. Hence every
relevant r-cell pattern contributes Op ¢, ((logn)™"). Multiplying by the number of relevant patterns
gives

1
On,Cer((logn) ™) Oner((logn) ™) = On coer (bgn> ’
as claimed. -

It remains to convert the real comparison sequence b; from Proposition 7.8 into an actual in-
creasing odd-prime sequence. The naive claim

pj/bj =1 + O(l/logbj)

uniformly in j is not justified by the prime number theorem alone and must not be used. The
obstruction is concrete: the top flat block contributes up to K < n/(2logn) indices with b; = n, yet
every window [n, (14 o(1))n| contains only o(n/logn) odd primes, so no uniform p;/b; =1+ o(1)
can supply the top block. The correct bridge is the half-density construction of Theorem 7.20,
which assigns the top flat block separately to [n,2n]—whose (1 + o(1))n/logn odd primes exceed
the demand K by a factor of two—and uses queued coarse-bin matching on the genuine blocks,
where the envelope bound 0 ~ on the local b-density supplies slack against the

1 < _1
h+1l)logX — 2log
odd-prime density 1/log X.

Lemma 7.13 (Bin demand estimate). Fiz H > 2 and a genuine block [Ap, By], where Ap = n®h
and By, =nPr. For a fized a > 1, partition the block into bins
I, = [Apa®, Apakth)
with the last bin truncated at By, and let
di :=#{j : bj € It;, j lies in the genuine h-block}.
Then, for every fized ¢ > 1, uniformly for X > n'H with [X,cX] C [Ap, By,
(c—1)X

‘2 :X< ) X . . . < 1 c]- -
(7.2) #{5 <bj < cX, j genuine in block h} < (1+ om.( ))(h—i—l)logX

+0(1).
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If 1, denotes the multiplicity of the flat atom at the left endpoint Ay, then
A
(h + 1) log Ah )

Proof. On a genuine block, the inverse sequence has By ,(Y) = | Ay n(log, Y)], and
d 1- 1
App(log,Y) = S () <1 > .

(7.3) fon < (14 om(1))

ay (h+1)logY " logV
Integrating over [X, cX] gives (7.2); the O(1) endpoint error is negligible at these scales. The flat
atom satisfies fj, < Lp < A, p(cy,), which gives (7.3). O

Lemma 7.14 (Bin prime supply estimate). With A = A}, fized as above, let
Py := #{p odd prime : Ad* <p< Aak+1}.
Then the Prime Number Theorem in fized multiplicative intervals [HWO08, Theorem 6] gives, uni-
formly in k in this fixed block,
(a —1)Aa*

(74) Py = (1 + OH,a(l)) log(Aak) :

Proof. For fixed H and a, all bins in a genuine block have endpoints tending to infinity and fixed
ratio a. Applying the fixed-ratio PNT to [Aa¥, Aa*t1) gives the displayed estimate. The possible
prime 2 is irrelevant because these intervals are eventually above 2. O

Lemma 7.15 (Interval-order Hall suffix inequality). Fiz a > 1. Choose n > 0 with 2a(1 —n)/(1+
n) > 1, and then choose s = s(a) so that

(7.5) (1 -ma 1> 1+

For all sufficiently large n, the flat atom and the first s genuine bins in each genuine block satisfy
the Hall suffix inequalities

s s—1
D P>y de (1<t<s),
=t

k=t—1
and

s s—1
ZPe > fn+ de-
=0 k=0

Proof. Throughout this proof A = A = n* — oo while s = s(a) is fixed, so
log(Aa’) =log A + jloga = (1 + op.4(1))log A

uniformly for 0 < j < s+ 1. The resulting o(1) multiplicative errors in the denominators below are
absorbed into the (1 4 1) margins, all valid for all large n.
For 1 <t <s, Lemma 7.14 gives

- A(a*tt —at)
Zg:t v > (1=n) log A (1 =) log A ’

for all large n, while Lemma 7.13 gives

A(CLS _ at—l)

s—1
<
Z di = (1+m) 2log A

k=t—1

The suffix supply-to-demand ratio is therefore at least 2a(1 —n)/(1+n) > 1.
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For t = 0, the demand and flat-atom estimates give

S

Aa
fh-i-zdk (1+mn) Slog A

and the prime-bin estimate gives

S
A(as—H _ 1)
> P>(1- N d
=0 &
The choice (7.5) proves the ¢t = 0 inequality. O

Lemma 7.16 (Monotone assignment). Under the hypotheses of Lemma 7.15, the flat atom and all
genuine-bin demands in a fized genuine block can be assigned to odd prime supply bins so that the
assigned primes are strictly increasing and at least as large as their corresponding bj. The endpoint
flat atom of the block is queued with release index 0; a genuine demand from source bin Iy, is released
only at prime bin k4 1. The top flat block bj = n is assigned after all genuine blocks, in order, to
odd primes in [n,2n].

Proof. The suffix inequalities of Lemma 7.15 are exactly the Hall inequalities for this interval-order
matching. Equivalently, process prime bins in increasing order and assign each prime to the oldest
unassigned released demand. If this greedy algorithm first failed before or at bin s, the unassigned
demands with release index at least the failure bin would violate the corresponding suffix inequality.

For each later full source bin I, k > s, assign its di elements to primes in the next prime bin
[Aa**t1, Aa**?). By Lemmas 7.13 and 7.14,

(a —1)Ad* (a —1)AaF*!
e < Prts

(h + 1) log(Aa*) log(Aak+1)
using 1/(h + 1) < 1/2 < a. For the final truncated source bin [X, By] C [Aa*", Aa*"*1) (with
X = Ad* and Bj, < Aa¥"*1), the same derivative bound used in Lemma 7.13 over [X, B}] gives

B, - X (a—1)X
(h+1)log X (h+1)log X
since By/X < a and the next prime bin above By, is contained in [Aa*"+1, Aa*"2). Thus the
truncated-bin assignment proceeds by the same greedy rule.

The greedy rule, together with processing bins in increasing order and taking the smallest avail-
able prime in each bin, makes the assigned sequence strictly increasing within each block. Assign-

ments from different genuine blocks do not overlap, since the largest prime used for block h is at
most a’Bj,, whereas the next larger block begins at

Ay = nl/h+TH _ ngTHBh,

so a’By, < Ap_ for large n; also a?B; = o(n). Finally [n,2n] contains (1 + o(1))n/logn odd
primes, more than enough for the top flat block of size at most K < n/(2logn). O

dip < (1+0m,4(1))

< (1 —o0m4(1))

die < (1+ 0p10(1) +0(1) < (1+ opza(1)) +0(1) < Peosa,

Lemma 7.17 (Exceptional mass and cutoff discrepancy). Let E be the union of the flat atoms,
the first s(a) genuine bins of every genuine block, and the top flat block b; = n. Then

1 1
(7.6) E:bj_(%1“<mgn>’

JjEE

and the same bound holds with p; in place of bj. For every nonexceptional indez,
(7.7) b; < pj < a*b; < \b;.
Consequently, for every fired 1 < r < 4,

T (n) = TO () + O (A — 1) + 0pra s (1),
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where the o(1) error depends on the block count H, the fixed bin ratio a, the coarse-bin prefix count
s(a) of Lemma 7.17 above, and the queue parameter A (all held fized before the diagonalization of
Proposition 7.19 lets A | 1 and H — o0).

Proof. By Lemma 7.11, each fixed multiplicative bin has b-reciprocal mass O 4(1/logn), and there
are only Op 4(1) exceptional bins. The top flat block contributes K/n = O(1/logn), proving (7.6).
Since every assigned prime is at least the corresponding b;, the same bound holds with p; in place
of bj.

For a nonexceptional index, the construction of Lemma 7.16 puts p; in the next prime bin above
the bin containing b;, so b; < p; < azbj < Abj. All r-tuples containing at least one exceptional
index contribute Oprq(1/logn) = om (1) to either moment sum. For a nonexceptional tuple I,
write by = [[;c;b; and pr = [[;c; p;. Then

1 1 1

— < —< .
br — pr ~ b1
On tuples counted by both cutoffs, this changes the total reciprocal weight by O (A —1), since the
r-fold reciprocal mass is Og(1). The only cutoff discrepancy comes from tuples with n/A" < by < n,
whose total b-reciprocal contribution is Og ) 4, (1/logn) by Lemma 7.12 with C = X" and ¢ = a. [

by < pr < \'by, A

Proposition 7.18 (Fixed-parameter queued prime rounding). Fiz H > 2 and A > 1, and choose
a>1 witha®> < \. Let by,...,bx be the comparison sequence obtained from Proposition 7.8 with
this fired H. Then there is an increasing sequence of odd primes p1 < --- < px such that

g <bj<p; (1<j<K),
and, for every fired 1 <1 <4,
(7.1) T (n) = TO(n) + Opr (A — 1) + 01.0(1).

Proof. Write Ay, = n® and Bj, = nfr. In each genuine block, Lemmas 7.13 and 7.14 provide
the demand and supply estimates for the fixed multiplicative bins. Choose 1 and s = s(a) as
in Lemma 7.15. The suffix inequalities there give the finite interval-order Hall matching for the
endpoint flat atom and the first s genuine bins, while Lemma 7.16 assigns all later genuine bins,
keeps the assignments from different blocks ordered, and sends the top flat block to primes in
[n,2n]. Thus we obtain a strictly increasing odd-prime sequence with b; < p; for every j. Together
with Proposition 7.8, this gives ¢; < b; < p;.

The moment comparison is exactly Lemma 7.17, which proves (7.1) for each fixed 1 <r < 4. O

Proposition 7.19 (Diagonal parameter selection for the prime bridge). Fiz 0 < & < 1. There is
an integer-valued function H(n) — oo and, for each n, comparison sequences

bgn)ggbg?)’ pgn)<...<p§?)

with the pgn) odd primes, such that

and, for every 1 <r <4,
T ) = J, +0(1),  TP(n) = J, +o(1).

Proof. Choose H,, — oo increasing so that the excision estimate in Proposition 7.8 gives
1
(7.8) | JHm) — T | < m (1<r<4).

For each fixed H,, and r, choose a constant Cfg,, , for the Og,, (A — 1) term in (7.1). Choose
Am > 1 close enough to 1 that
1

. —1)<
(7 9) CHm,r()\m ) = 4m

(1<r<4),
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and then choose a,, > 1 with a?n < Am- In the queue construction with this a,,, fix n,, > 0 small
enough that 2a,,(1 —n,,)/(1 + nm) > 1, and let s, be a corresponding queue length for (7.5). Let
bHm) he the comparison sequence from Proposition 7.8 with parameter H,,, and let pm) be the
prime sequence produced by Proposition 7.18 with parameters H,,, Apm, G-

Choose N,, recursively increasing so that for every n > N,,, the twelve diagonal selection condi-
tions listed in Appendix A.2 hold for the fixed parameters Hy,, Am, Gm, m, Sm- FBach condition is
eventual because these parameters and the finite list of ratios are fixed while n — oc.

Define

H(n):= Hp, for Ny, <n < Ny,

and use the corresponding sequences bHm) and p(H’"). Then H(n) — oco. For N, < n < Ny,
the telescope bounds are

|T(b(H(n)))

T

(m) = o] < [T ) — T 4 ) —
1 1 1

~4dm  4Am  2m’

and
TP () — g < TP () - T ()|
T ) = I I |
1 1 1 1

~2m  4m  4dm m’

Thus Tr(b(n))(n) = Jry+o(1) and Tr(p(n))(n) = Jy,+o(1) for 1 <r < 4. The inequalities g; < bg-n) < pgn)

come from Proposition 7.18. O

Theorem 7.20 (Prime-rounding bridge). Fiz 0 < e < 1, and let
K (1—¢e)n
2logn |
There exists a choice of comparison sequences
bgn) < e Sb%)

from the construction of Proposition 7.8, and there exists an increasing sequence of odd primes

p1<---<pK

such that
g <p; (1<j<K)
and
T () = J, +0(1)  (1<r<A).

Moreover the primes may be chosen so that, for each fired 1 < r < 4,

TP (n) = TV (n) + o(1) = J, + o(1).

Proof. The envelope side is Lemmas 7.4 to 7.7, assembled in Proposition 7.8. The rounding side

is Lemmas 7.13 to 7.17, assembled in Proposition 7.18. Selecting the diagonal parameters by
(n)
) J

9 <p;" . O

Proposition 7.19 gives the sequences and moment limits; since ¢; < bé»n) < p;”’/, in particular



BOUNDS FOR THE PRIMITIVE-SET SATURATION GAME 31

7.6. The finite Bonferroni—4 theorem.

Theorem 7.21. Under the piecewise-density prime-prefiz strategy,

W
L(n) < (24 + 0(1)> n < (0.1897123371 + o(1))n < 0.19n.
Proof. By Theorem 7.20, there are a comparison sequence by < --- < by and an increasing odd-

prime sequence p; with g; < p; such that

TO(n) = J, +0(1)  (1<r<4).
The same theorem gives

TP (n) = J, +0(1) (1 <r<4).
Applying Theorem 7.10 with A, = J,. gives

L(n) < 3(1—J1 +Jy — Js+ Jy+o(1)) = (V;“+o(1)) n.

By Proposition B.1,

% < 0.1897123371 < 0.19,

so the theorem follows. OJ

Remark 7.22. The corresponding formal artifact verifies the endgame reduction: once the first
four moment terms are sufficiently close to the certified constants Ji, ..., Jy, the strict inequality
L(n) < 0.19n follows eventually. Theorem 7.20 supplies the moment convergence from the envelope
sequence to actual primes, and Theorem 7.10 applies the fourth-order Bonferroni comparison to
the resulting prime sequence.

8. OBSTRUCTIONS TO FURTHER IMPROVEMENT

This section records three proof-class obstructions encountered by natural attempts to improve
the upper bound. They are not used in the proof of Theorem 7.21; their purpose is to delineate
which proof classes cannot by themselves resolve the asymptotic question.

8.1. A local-relaxation obstruction. The first obstruction says that bounded-round local relax-
ations can have an integrality gap at precisely the scale where one would hope for a short transversal
argument. We record it for sparse f-uniform families rather than for the complete hypergraph.

For an (-uniform family H C (]Z ), let 7z(#) denote its integral transversal number and let 77(H)
denote the value of the fractional set-cover relaxation

mianu subject to qu >1(CeH), 0<z, <1.
ueP ueC

Proposition 8.1 (Sherali-Adams transversal barrier). Fix 0 < o < 1. For all sufficiently large
N, put

(")
{=|N/logN|, q=|aN]|, §=~+t 72
For every N-point set P there is a family C C (5) such that every @ C P with |Q| < q is disjoint

from some C' € C and
log M+
o [+

Consequently
N
7(C) Z g+ 1>aN,  74(C) < = (1+o0(1))log N.
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Moreover, for every £-uniform family H C (IZ) and every integer 0 < r < {, the level-r Sherali-
Adams [SA90] relazation of the above transversal LP has value at most

N
0—1r

[

Proof. Choose

)
independent uniformly random #-subsets of P. For a fixed g-set Q C P, a random /-set avoids @)
with probability 6. Thus the probability that no chosen set avoids this @ is at most exp(—sd) <
et/ (];[ ) A union bound over all ¢g-sets gives a positive probability that every ¢-set is avoided by

at least one chosen f-set. Removing duplicate choices gives the desired family C. If Q' C P has
|Q'| < g, extend it to a ¢g-set Q; any C € C disjoint from @ is also disjoint from Q’.

The avoidance property forces every transversal to have size at least ¢ + 1, proving 77(C) > aN.
The uniform fractional assignment x,, = 1/¢ satisfies every covering constraint, so 7¢(C) < N//.

It remains to prove the Sherali-Adams bound. Let H C (1;) be arbitrary and fix 0 < r < £. Set
1

—r '

For a covering row C' € H and disjoint sets I, J C P with [T U J| < r, write

L[,](Z‘) = HCE, H(l — .Tj).

iel  jeJ

P=7

In the row-wise lifted formulation, introduce the literal-moment value
yors =PI CY, JnY =0) =pll(1-pW,

where Y is a product Bernoulli-p random subset of P. The value assigned to any lifted monomial
xy Ly, 5 is the corresponding product-measure moment: it is 0 if uw € J, yo, 1y if u € I, and pyc 1.s
if u ¢ TU.J. Since these are moments of an actual probability distribution on {0,1}, the lifted
box constraints are satisfied; in particular 0 < yc 7,7 < 1 for every lifted variable.

Now multiply a covering constraint

go(z) = ZIL‘U—l >0
ueC

by any literal Ly y with [TUJ| <r. If INJ # 0, then L; y = 0. Assume INJ = (). If INC # 0, then

whenever Ly ; =1 at least one variable in C is already fixed to 1, so gc(z)Ls j(x) > 0 pointwise.
It remains to handle I N C = (. Let ¢ = |J N C|. Conditional on the event L; ; = 1, the ¢

variables in C' N J are fixed to 0, while the remaining ¢ — ¢ variables of C' remain independent

Bernoulli-p. Hence
Z)om

ueC
Since ¢ < |J| < [TU J| < r, we have

LLJ = 1] = (Z—C)p.

1
{L—r
Therefore E[gc(z)Lr j(x)] > 0 for every lifted covering row, so the product Bernoulli moment
vector is feasible for the level-r Sherali-Adams relaxation. Its objective value is

N
EZmu:Np:E_T.
ueP

l—cp>U—r) = 1.
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Thus no argument whose entire certificate is bounded by the above level-r Sherali~Adams relax-
ation can certify a transversal lower bound exceeding N/(¢ — r) on these instances, even though
the true integral optimum is > a/N. The artifact script scripts/sa_barrier_verification.py
exhaustively checks the lifted covering inequalities for N < 7 using exact rational arithmetic.

8.2. A g-shadow dichotomy. The next obstruction is an extremal statement for Johnson shad-
ows. It explains why a sparse separator family cannot be forced by expansion alone unless a large
pre-existing shadow is already present.

Let P be a K-point set, write K = h+ L with L > 1, and fix 1 < g < h. Put X = (1;)

and Y = (5) A g-set @ captures an h-set H if Q C H. Let R C Y be a live packet of density
r:=|R|/|Y] > 0. Let D C X be a previously forbidden g-shadow, and let B C Y be a family of
already played h-sets. Define

the density of h-sets containing a fixed ¢-set. Write

onD
opD :={H €Y :some @ € D satisfies Q C H}, o,(D) := | |i}z/| ’

Thus o4(D) is an h-level shadow measure, not a g-level count. The normalized second singular
value of the g-versus-h inclusion graph satisfies

T MK -q)
Proposition 8.2 (g-shadow covering dichotomy). Let

B
U,(D,B) := DUBLEJB (q), A:= X \U,(D,B)

be the excluded and legal q-families. Assume no legal q-separator QQ € A captures at least
1
5 %l Bl

members of R. Then
UAD.B) 4%
RY T
Consequently

4N

In particular, if r > n > 0, the right-hand side may be weakened to 1 — 4)\(21/77.

Proof. Put a = |A|/|X]|. The case A = () is immediate, so assume a > 0. The expander-mixing
inequality for the inclusion graph between X and Y gives

AR)— ——e(X,Y)| < XY
e( ’ ) ’X’ ‘Y‘e( ’ ) — )\qe( ’ )

AR
X1 1Y|

If

AN2
az—q
r

)
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then the average number of elements of R captured by a member of A is at least half the ran-
dom expectation, namely at least %5Q|Rl. This contradicts the hypothesis that no legal separator
captures that many live packet members. Hence
2
4N;

a< —,
,

which is exactly
U, D,B 402
1Ue(D, B)| =l-a>1-—1
RY r
It remains only to convert this exact g-level covering statement into the displayed shadow bound.
By the LYM normalized matching property on the Boolean lattice [And87, Section 2.2], every
F C (I;) satisfies

nF| _ |7

Ky = (Ky

() Q)

Applying this to F = D gives |D|/|X| < 04(D). Also each B € B contains exactly (Z) members of

X, so (Z)/(Iq() = 04. The union bound gives

(g <h).

Uq(D, B)| _ |D|
PPN 12 L 1Bls, < 0, (D) + B,

and the conclusion follows. OJ

In the central regime relevant to top-facet packet arguments, take L ~ h/logh and g ~ 2(log h)?.
Then

5= (c+o()h2  N=(2+ 0(1))1°§h.

Thus, when r is bounded below and o,(D) = o(1), separator starvation forces |B| > (e~! —o(1))h?.
Pure expansion cannot supply an unlimited sequence of fresh separators.

8.3. A separator-only limitation. The last obstruction is a finite model for strategies which
only play odd carrier separators and ignore dyadic shielding.

Proposition 8.3 (Separator-only limitation). Let

n(loglogn)?
U, =(n/2,n]NZ, ri(n) = (ligs)'

For each sufficiently large n, let S,, C [2,n/2] be a finite set of odd integers such that
1
Snl = 0(r1(n)) and H(Sp):= »_ ==o(1),
pep(sn) ¥

where P(Sy,) is the set of odd primes dividing at least one element of S,. Consider any separator-
only closure in which the only lower-half elements allowed to kill members of U, are Shortener-
claimed elements of Sp; upper-half elements may only be removed individually after they have
actually been played. Then Prolonger has a legal play prefiz of length o(ri(n)) after which every

separator in Sy, is dead, while at least
= —oln)
——o(n
2
elements of U, remain legal. Therefore this finite odd-carrier separator-only proof class cannot

prove L(n) = O(ri(n)), or indeed any o(n) upper bound.
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Proof. Fix n and write S = S, and P = P(S,,). Suppose the current chosen set is an antichain
A, every lower-half Shortener claim lies in S, and some s € S is still legal. Since s < n/2, choose
a > 0 maximal with 2%s < n, and put

= 2%.

Then z € U, because maximality gives 2T!s > n and hence 2%s > n/2.

We claim that z is legal. First, any previously chosen upper-half element y € A N U, is incom-
parable with x unless x = y, since two distinct integers larger than n/2 cannot divide one another.
The equality z = y is also impossible: if x had already been chosen, then s | y, contradicting the
assumption that s is still legal. Second, let t € A\ U,. By the definition of the proof class, t € S
and is odd. Since x > n/2 > t, we cannot have z | t. If t | z = 2%s, then oddness of ¢ implies ¢ | s,
so t is comparable with the still-legal separator s, again impossible. Thus z is a legal Prolonger
move.

After Prolonger plays x, the separator s is dead forever because s | . Repeating this whenever
a legal element of S remains, Prolonger kills at least one still-legal separator on each preemption
move, while Shortener’s separator-only moves can only kill additional members of S. After at most
|S| Prolonger preemptions and at most |S| intervening Shortener moves, no element of S remains
legal. The prefix length is therefore at most 2|S| = o(r1(n)).

It remains to count legal upper-half integers after this prefix. Let Ay = AN U,. The prefix has
length O(|S]), so |Ay| = o(n). An unplayed upper-half integer u € U,, \ Ay can be illegal because
of a lower-half separator only if some selected ¢ € S divides u. In that case u is divisible by at
least one prime p € P. Hence the number of upper-half integers killed by lower-half separators is
at most

U{ueUn:p|u} SZ(”—}—I)§2n21:2nH(S):o(n),
peEP peEP p peEP

where we used p < n, so 1 < n/p. Therefore at least
n
[Ual = 40| — o(n) = & — o(n)

upper-half integers remain legal. Since r1(n) = o(n), the separator-only closure cannot certify an
O(r1(n)), or more generally an o(n), upper bound. O

The packet separator families motivating this proposition are a special case. Let h = [loglogn]|,
Yy = n!/CM et P, C [Yy,2Yp] be a prime packet, and fix gy < h/4. The carrier family

Sn: HPiQQPmlS’Q\SCIO
PEQ

has the support-covering relation
Hp|2aHp — QCT.
PeEQ peT

For large n, every carrier in S, is odd and at most (2Yp)%® = n!/8t°(1) < p/2: moreover |S,| <
(go + 1)(2Yp)% = nl/8+e() = o(r(n)), and the prime number theorem gives

1 [P 1 loglogn
H(S,) < Y SS T O(logYo> o< o ) o(1)

pEP,

Thus the theorem applies to the finite packet closure. Its scope is deliberately class-level: it does
not rule out separator methods which also track dyadic lifts, exact upper targets, or composite
fallback moves outside the finite odd-carrier layer.
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9. CONCLUSION

The main unconditional bounds of Theorems 4.4 and 7.21 bracket the divisibility antichain

saturation game as
1 nloglogn Wiy
S o)) o808 oy < (244 1) )
(8 o<>) oElOEN < <n>_(2 +o<>)n

The lower bound comes from a two-phase fan-capture strategy, while the upper bound improves
the elementary linear picture by using a lower-profile envelope for Shortener’s legal-prime prefix
and a fourth-order Bonferroni comparison.

The conditional T2 theorem points toward a substantially larger lower-bound scale, but it is
deliberately stated under a restricted safe-edge hypothesis: the general safe-edge property is false
even inside the residual arithmetic games. The finite graph, hypergraph, and embedding compo-
nents are robust; the remaining issue is whether the safe-edge property holds for states reached
under the Prolonger activation strategy.

On the structural side, the shield reduction and Theorem A show that short upper-half shield
prefixes cannot prove a linear game lower bound through the weighted shadow functional g, (P).

Three obstructions in Section 8 explain why the next improvements are unlikely to come from
purely local relaxations, fixed shadow-cover dichotomies, or separator-only strategies. A sharper
upper bound will need to use dynamic information about the actual divisibility game, not merely
the static incidence geometry of low-rank shadows.

The central question remains the sharp order of growth of L(n), and in particular whether
L(n) = o(n). The methods here give new constants, exact auxiliary structure, and a set of formal
targets for future work, but they do not settle that asymptotic dichotomy.

APPENDIX A. DEFERRED PROOFS

A.1. Conditional proof of the T2 lower bound. This appendix proves the conditional lower
bound in Theorem 4.7. The proof is self-contained: all target families, auxiliary games, weights,
activation rules, deletion errors, and asymptotic estimates are defined below. The opening coun-
terexamples explain why the restricted finite safe-edge hypothesis is stated explicitly rather than
hidden inside a max-gain argument.

Throughout this appendix 7 is large, 0 < § < 1/4 is fixed, and

Y = nd.
Let Py be the set of odd primes at most Y. For a < ¢ in Py, put
Iy := (iaﬁ}a Bae:i=14cNP,
’ 2ac’ ac ’ ’

and define the target family
T:={acb: a<e, a,c€Py, be B, }.

For large n, every such b is greater than Y: indeed b > n/(2Y?) = %nl_z‘s > Y. Thus a,c,b are
distinct primes and each target acb lies in (n/2,n).

Auxiliary slot game and potential. The scored rank-three slot hypergraph G(n,d) has vertex set
consisting of the slots b, ab, cb which occur in the targets above, and has weighted edges

€a.ch := {b,ab,cb}, a<ec, a,c€Py, beBgg,

each of weight 1. More generally, the finite auxiliary games below are weighted incidence games
of rank at most 3. A state has a captured-vertex set C, a deleted-vertex set Dy, an unscored
deleted-edge set D, a scored edge set K, and total scored weight S. An edge is live if it is not in
Dp U K and contains no deleted vertex. Maker may capture a live edge, adding its vertices to C
and adding its weight to S; in the scored hypergraph variant, Maker may instead use an alternate-
scoring mowve to score the target without adding slot vertices to C. Breaker may reply by deleting
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one uncaptured vertex, by deleting one live edge without scoring it, or in the scored-hypergraph
variant by making a scored-edge reply, which adds one live edge to K and increments S by its
weight. The scaled potential is

Q=85+ Z 21e0Clyy (e).

e live

Proposition A.1 (Max-gain domination is false in rank three). The following finite scored rank-3
capture state has a unique maz-gain Maker move, but Breaker can answer that move by deleting
one uncaptured vertex and make the scaled potential decrease.

Proof. Let the already-captured vertices be
C:{zlj : 1§Z7j§3}7
and let u1, ue,us, v be uncaptured. There are no deleted or scored edges. The live edges are

f=A{u,ug,uz},  w(f)=9,
and, for 1 < 4,5 < 3,

eij = {U, Ug Zij}, w(eij) = 4.
For a live edge e, write ®(e) = 21°"Cly(e) and Q = 85 + 3. d(e).

Before Maker moves, ®(f) = 9 and ®(e;;) = 8 for all 4,j. If Maker plays f, then the score
contribution of f changes by 8w(f) — ®(f) = 72 — 9 = 63, and each of the nine edges e;; doubles
from 8 to 16. Hence

A(f)=63+9-8=135.
After this move, the vertex v is still uncaptured, and deleting v removes all nine edges e;;, now of
potential 16 each. The Breaker loss is

9.16 = 144 > 135.

Thus the full round decreases Q.

It remains only to check that f is the unique max-gain move. If Maker plays some e;;, its own
score gain is 8-4—8 = 24. The edge f doubles from 9 to 18, giving gain 9. The two other edges with
the same u; gain 24 each, and the six edges with the other two wu-vertices gain 8 each. Therefore

Aleij) =24+9+2-24+6-8 =129 < 135.

So the unique max-gain move is f, and it does not dominate the subsequent vertex deletion at
. O

Proposition A.2 (Ky-fiber refutation in the residual arithmetic game). For every fized 0 < § < 1/4
and all sufficiently large n, the residual slot hypergraph G(n,d) contains a reachable pre-Maker
state at which every legal Maker move admits a legal Breaker reply that strictly decreases the scaled
potential Q. Hence the general safe-edge hypothesis is false even inside the arithmetic games G(n, d).

Proof. Here “reachable” means reachable under some legal play sequence, not necessarily under

the specific Prolonger strategies of Proposition A.9. The construction refutes the universal safe-

edge hypothesis over the full state space; the main theorem’s restricted hypothesis Definition 4.5 is

formulated for states generated by Prolonger’s specific strategies, not over the full state space.
Choose the four fixed small primes 13,17,19,23. Their pairwise products are

13-17=221, 13-19=247, 13-23=1299, 17-19=323, 17-23 =391, 19-23 =437.
All six products lie between 221 and 437, and 2 - 221 = 442 > 437. For sufficiently large n, since
23 < nd =Y, all four primes lie in Py. By the prime number theorem, the interval
n o n
(7iz 737)
contains a prime ¢ for all sufficiently large n. Also ¢ > Y for large n, since 6 < 1/4.
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For every pair a < ¢ among {13,17,19, 23}, we have
> d < 2
127w M ST W
because ac > 221 and ac < 437. Hence q € B, . for all six pairs, and the six edges

€a,c ‘= {Qa aq, CQ}
all occur in G(n,0). They form a Ky-fiber over the common slot q.

We next reach a state in which only these six edges are live and no vertex in them has yet been
captured. While any other edge is live, Maker uses the alternate-scoring move to score that exact
target without adding slot vertices to C'. Any edge outside this six-edge family has at least one slot
outside

Uﬁb = {qa 13q7 17q7 19q7 23Q}7
so Breaker deletes such an outside slot. This never harms the six desired edges. Repeating this
finite operation leaves exactly the six K4-fiber edges live, with C' = @.

From that state, play two legal rounds. First Maker captures

€13,17 = {qa 13q7 17Q}7
s0 ¢q,13¢,17q € C, and Breaker deletes the live edge e13,19. Next Maker captures

e19,23 = ¢, 19¢, 23q},

so q,13q,17q,19q,23q € C, and Breaker deletes the live edge €13 23.
At the next pre-Maker state, the only remaining live edges from this fiber are

e17,19 = {¢, 17¢,19¢}, e17.23 = {¢,17¢,23q}.

Both have all three vertices in C, so ®(e) = 23 - 1 = 8 for each. There are no other live edges by
construction.

Maker has only two possible live edges to play. If Maker plays ei719, by ordinary capture or by
alternate scoring, then the change in @ is

+8-1-8=0,

because S increases by 1, the edge of potential 8 is removed, and no new vertex is added to C. The
remaining live edge eq7 23 still contributes 8. Breaker then deletes e17,23, decreasing @) by 8. Thus
Qafter = @before — 8. The same argument holds if Maker instead plays e17,23.

Therefore this reachable pre-Maker state has the claimed property: every legal Maker move
admits a legal Breaker reply that strictly decreases (). Note that Breaker’s final reply here is an
unscored edge deletion, adding e1723 to D, not a scored-edge play; under the scored-edge rule,
the same move would change @) by 0, not by —8. The refutation shows that the general safe-edge
hypothesis fails even when Breaker has access to the unscored-edge-deletion move, which is the
regime relevant to the rank-3 residual hypergraph game. U

Proposition A.3 (Conditional finite scaled capture). Consider a finite weighted incidence game of
rank at most 3, equipped with the scaled potential Q) and the Maker—Breaker rules described above.
In each full Maker—Breaker round, Breaker may play any one of:

(i) a vertex deletion: add an uncaptured vertexr v € V' \ C' to Dy;
(ii) an unscored edge deletion: add one currently live edge e to Dg, available in both the graph
and scored-hypergraph variants;
(iii) a scored-edge reply: add one currently live edge e to K and increment S by w(e), available
only in the scored-hypergraph variant.

The general safe-edge hypothesis stated below is provably false even for G(n,d); see Proposi-
tion A.2. In this paper the finite-capture proposition is used only under the restricted hypothesis
that the same property holds for states actually generated by the activation and residual strategies
in Propositions A.6 and A.9. This restricted hypothesis remains open.
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Assume the following restricted safe-edge hypothesis: at every pre-Maker state generated by the
strategy under constderation with at least one positive-weight live edge, Maker has a legal live edge
f such that every legal Breaker reply from (i)—(iii) applicable to the current variant leaves Q at
least as large as it was before Maker’s move.

Under this restricted hypothesis, if the game is continued until no positive-weight live edge re-
mains, the final claimed or scored weight is at least one eighth of the initial total edge-weight:

Sﬁn > é Z w(e)

€

Proof. Maker always chooses an edge supplied by the restricted safe-edge hypothesis. By definition
of that hypothesis, () is nondecreasing after every full Maker—Breaker round.
Initially C' = @, S = 0, and all initial edges are live, so

Qo = Zw(e).

e

At terminal time there is no positive-weight live edge, hence Qq, = 8Sg,. Therefore

85 = Qsin = Qo = Y _w(e),

e

which is the claimed one-eighth bound.

For the graph variant, a Breaker edge-deletion reply is included in the restricted safe-edge hy-
pothesis. For the scored hypergraph variant, a Breaker scored-edge reply is harmless whenever it
occurs, since it changes Q by 8w(e) — 2/¢"Clw(e) > 0 for rank at most 3; the only nontrivial part of
the hypothesis is therefore the post-Maker vertex-deletion bound. ]

Proposition A.4 (Initial target mass). For every fized 0 < § < 1/4,

n(loglogn)?
WO = E ‘Ba,c‘ >5 7( lg ) ) .
ogn
a<c
a,cEPy

Proof. Since ac < Y? = n?9, the interval endpoint Xa,c = n/(ac) satisfies X, . > n'=2 — c0. By
the prime number theorem, uniformly for all such pairs and all sufficiently large n,

X(lC n
Xae) = 1(Xae/2) > no
m(Xae) = m(Xae/ )*K(Slogn méaclogn

for some positive constant k5. Therefore

Mertens’ theorem for primes gives
1
Z — =loglogY + O(1) = loglogn + Os(1),
pEPy
and pr_Q < oo. Hence
2
11 1 1 1 )
Z =_3 Z - | - Z 2= <2+0(1)> (loglogn)=.
a<cEPy pEPy pEPY

Combining the last two displays proves the claim. O
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Proposition A.5 (Residual divisibility embedding). Let T, be a subfamily of targets t = acb € T
with the following secured-pair origin. For every t = acb € Ty, there is a securing target

to(a,c) = acby € T, by # b,

which has already been played, making a, ¢, and ac unavailable as move options; and no other
earlier move is comparable with any t € T,. Attach to t the three slot labels

b, ab, cb

and let e, :== {b, ab,cb}. Then the residual divisibility game on Ty is at least as favorable to Prolonger
as the scored rank-3 hypergraph game on the hyperedges {e; : t € T.}:

(1) the only future moves that can make t = acb illegal are b, ab, cb, and t itself;
(2) playing b, ab, or cb deletes exactly the residual targets whose hyperedges contain that slot;
(3) playing the exact target t kills no other target in T, and is therefore a scored-edge move;
(4) every live hyperedge corresponds to a legal actual move t.

Proof. Fix t = acb € T.. Because t > n/2, no proper multiple of ¢ lies in {2,...,n}. Thus a future
move can make t illegal only by being ¢ itself or a proper divisor of t. The positive divisors are

1, a, ¢, ac, b, ab, cb, ach.

The divisor 1 is not a move, while a, ¢, and ac are unavailable by the played securing target ty(a, c).
This proves the first assertion.

For slot incidence, suppose another target is t’ = a/c'b’. Since b,b’ >Y > a,d’, ¢, , the divisibility
b |t holds iff b = b'. Thus a move b kills exactly the targets in the b-fiber. Similarly, if ab | o’ct/,
the large prime factor forces b = V/, and after cancellation a must be a’ or ¢. This is exactly the
condition that the slot ab belongs to ey. The proof for cb is identical.

If two targets t,u in 7T, are comparable, say t | u, then u is a multiple of ¢ lying in (n/2,n].
The next positive multiple of ¢ after ¢ is 2¢ > n, so u = t. Hence distinct targets are pairwise
incomparable, and playing an exact target scores only that target.

Finally, if e; is live in the slot hypergraph, then none of b, ab, ¢b, or t has been played. The only
other proper divisors of ¢ are 1, a, ¢, ac, and these are either not moves or are unavailable because of
the played securing target ty(a,c). The securing target is a distinct target larger than n/2, hence
is incomparable with ¢, and there is no proper multiple of ¢ on the board. By hypothesis, no other
earlier move is comparable with any target in 7.. Therefore no played number is comparable with
t, so the actual move ¢ is legal. This proves the comparison. ]

Proposition A.6 (Activation-stage potential). During activation, let each unclaimed pair edge
e = (a,c) carry the current token set Be(t) of primes b € B, . for which the target acb has not yet
been killed. Write we(e) := |Be(t)].

Assume the restricted safe-edge hypothesis of Proposition A.3 for the activation graph states
generated below. Prolonger plays as follows. In each activation round, among pair edges with
positive current token weight, he chooses a safe edge supplied by that hypothesis; if e = (a,c) is
chosen, he plays one live target acb with b € B.(t). This scores one actual move, claims the pair
edge e, captures the vertices a and c, and leaves the remaining live tokens on that secured pair for
the residual phase.

Let Sy be the number of activation targets already played by Prolonger, and define

Qui=Si+>_ dule),
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where
éwt(e), e unclaimed and neither endpoint captured,
swi(e), e unclaimed and one endpoint captured,
di(e) = < Lwile), e unclaimed and two endpoints captured,
2
we(e), e claimed,
L0, e deleted.

Let E be the total number of target tokens deleted during activation by Shortener moves not modeled
as graph vertex deletions a or graph edge deletions ac. Here E counts the total number of live target
tokens deleted by off-model Shortener moves during activation, not the number of such moves: a
single off-model move can delete multiple tokens, and E tallies deletions, not move events. At the
end of activation,

Qend > % - E.
Equivalently,
W,
Send + Z wend(e) Z ?0 - k.

e secured

Proof. At each activation state, form the finite rank-2 graph game whose vertices are the small
primes, whose live edges are the unclaimed pairs e = (a,c) with current weight w;(e) > 0, and
whose claimed, deleted, and captured objects are the secured pairs, exhausted pairs, and small
primes already made unavailable. The restricted safe-edge hypothesis is applied to this dynamically
updated weight function wq(e) at the current pre-Prolonger state. A modeled Shortener reply of
type a or c is exactly a graph vertex deletion, and a modeled reply of type ac is exactly a graph
edge deletion.

First ignore off-model token deletions. Under the identification above, the activation process is
the rank-2 graph game of Proposition A.3, with one bookkeeping change: when Prolonger claims
an edge e, he consumes one token from e and adds it immediately to the score S;. If the coefficient
of e before the move is v € {1/8,1/4,1/2}, the contribution of e changes from ~yw;(e) to

1+ (we(e) — 1) = wy(e),

exactly as if the edge had become claimed with full weight. All other incident edges change as
in the graph game. Thus the scaled potential argument gives Qeng > Wp/8 when every harmful
Shortener move is a graph deletion.

Now restore all actual Shortener moves. A token acb is deleted precisely when Shortener plays
one of its still-available harmful divisors or the target itself. Deleting one live token can reduce Q;
by at most 1, since every coefficient appearing in the definition of ¢;(e) is at most 1. Therefore all
off-model deletions together reduce the lower bound by at most F, giving

Qend 2 WO/S - E.

At the end of activation, a positive-weight edge is either secured or deleted, so Qeng is exactly the
activation score plus the residual live target weight on secured pairs. ([l

Proposition A.7 (Activation deletion budget). For fized 0 < 6 < 1/4, the off-model deletion count

from Proposition A.6 satisfies
Y4 n(loglogn)?
Be Y 0<<gg>> ‘
log®Y logn

Proof. There is at most one activation round per small-prime pair, so the number of rounds is

P &
R< (’ Y') < —5—.
2 log”Y
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We bound the number of live tokens an off-model Shortener move can delete.

If Shortener plays a large prime b, then for each pair (a,c) there is at most one token acb using
that b. Hence the move deletes at most O(Y2/log? Y) tokens. If Shortener plays a lateral semiprime
pb with p <Y and b > Y prime, the killed targets have the form pcb with the third small prime
varying, so there are at most O(Y/logY’) of them. If Shortener plays an exact target ach, exactly
one token is deleted.

The worst of these bounds is the large-prime bound. Across R activation rounds,

Y2 Y4

E<R—— < —f—.
log” Y log*Y
Since Y = n?,
Y4/log' Y nAo—1
5 <5 3 5
n(loglogn)?/logn (logn)3(loglogn)
because 46 — 1 < 0. O

Proposition A.8 (Residual mass on secured pairs). At the end of activation, the secured pairs
carry residual live target weight

M = Z Wend (€) >>5

e secured

n(loglogn)?
logn
Proof. By Proposition A.6,
W
Send + M > =% ~ E.

The activation score is at most the number of small-prime pairs:

Yy? n(loglogn)?
Send < R =
end > < 10g2 Y 0< ].Og n )
because 20 < 1. The deletion budget E is negligible by Proposition A.7, while Wy has the required
lower bound by Proposition A.4. Subtracting the two negligible terms gives the claim. O

Proposition A.9 (Conditional T2 lower bound). Assume the restricted safe-edge hypothesis of
Proposition A.3 for the activation graph states and for the residual slot-hypergraph states generated
by the construction above. For every fized 0 < § < 1/4 there is c5 > 0 such that

log1 2
L(n) > c;1081087)°

logn
for all sufficiently large n.

Proof. After activation, restrict to the residual live targets lying over secured pairs. Their total
weight is M, as in Proposition A.8. For each secured pair (a,c), the activation move supplies a
securing target to(a, c) = acbp, and the residual subfamily keeps only targets acb with b # by which
remain live. Thus the securing target makes a, ¢, and ac unavailable while being incomparable with
every remaining residual target over the same pair. Modeled activation replies produce integers that
may be comparable with some residual targets in 7,; any such comparable target has already been
removed from 7, by the residual construction. Hence no live hyperedge in the rank-3 hypergraph
corresponds to a target killed by a modeled reply. Any off-model move comparable with a target
deletes that target and so removes it from the residual live subfamily. Therefore the strengthened
hypothesis of Proposition A.5 compares the remaining divisibility game to a scored rank-3 slot
hypergraph whose total edge weight is M.

Under the residual restricted safe-edge hypothesis, Proposition A.3 gives a strategy that forces
scored residual target weight at least M /8 in this hypergraph model. The comparison proposition
says that every such scored hypergraph move is a genuine actual game move, and that the actual
game gives Prolonger no fewer legal options than the model. Hence the number of residual moves
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after activation is at least M /8. Since M 5 n(loglogn)?/logn, the same lower bound holds for
the total game length, conditional on the restricted safe-edge hypothesis.

This proves the per-é statement Theorem 4.7; the intro’s absolute-c corollary follows by special-
izing § = 1/8. O

A.2. Diagonal selection conditions. This subsection records the eventual side conditions used
in Proposition 7.19. In the notation of that proposition, after H,,, Am, @Gm, m, Sm have been fixed,
choose N,, recursively increasing so that for every n > N,, the following twelve conditions hold:

(1) the prefix-existence conclusion of Lemma 7.1 holds up to index K;
(2) the local-density error from Proposition 7.3 satisfies

1

(7.108) TROES

(3) the envelope moment estimate from Proposition 7.8 satisfies

(7.10b) T ™) ) — gD < (1< < )

~ 4m

(4) the bridge moment estimate from Proposition 7.18 satisfies

(7.10¢) TP () — T ()] < ﬁ (1<r<4);

(5) the cell-reciprocal-mass estimate of Lemma 7.11 holds for the finitely many fixed-ratio cells
used with parameters H,,, G, Sm, with all limiting errors bounded by 1/m;

(6) the product-strip estimate of Lemma 7.12 holds for C' = A} and 1 < r < 4, with associated
finite cell-count estimates valid to tolerance 1/m;

(7) the queue-clearing Hall inequalities in Proposition 7.18, with a = a.,, 7 = N, and s = s,
hold for every suffix 0 <t < s,,;

(8) the exceptional-index reciprocal mass estimate in (7.6) holds in the form

1 1
E — < —;
— b; m
JEE

(9) all fixed-ratio prime number theorem estimates used in the queue construction, in particular
(7.4), hold with tolerance 1/m for the finitely many ratios determined by a,, and s,;
10) the smallest genuine scale satisfies
g

(710d) naHmfl = nl/Hm+THm 2 m7
(11) the interblock nonoverlap inequalities
a2,Bn <Ay, (2<h<H,—-1), dB <n

hold for the block endpoints associated to H,;;
(12) the top-block prime supply satisfies

m(2n) —mw(n) > K.
Each condition is eventual because Hy,, Am, @m, m, Sm and the finite list of ratios are fixed while

n — Q.

A.3. Restricted carrier classes. The next two propositions record unconditional upper bounds
for two restricted families of Prolonger carrier moves. They are not used in the main upper bound,
but they clarify which carrier configurations are not responsible for the remaining difficulty.
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Proposition A.10 (Small-prime composite Prolonger with disjoint supports). Fiz 1/3 < a < 1/2
and put y = n®. Suppose that every composite Prolonger move has all prime factors at most y, and
that the prime supports of distinct composite Prolonger moves are pairwise disjoint. Against this
restricted class, Shortener has a strategy forcing

L(n) = O, (m&) .

Proof. Shortener uses the following priority list, always skipping moves which have already become
illegal. First, she plays every legal prime. After this prime phase, define B to be the set of primes
p < y whose singleton was not resolved by prime play because p appears in an observed composite
Prolonger carrier. By the disjoint-support hypothesis, each p € B belongs to a unique composite
carrier C'(p).

Second, for every p € B whose carrier has at least two distinct prime factors, write e(p) =
vp(C(p)). If p¢®+1 < n_ Shortener plays p°®*1. This move is legal when it is attempted: it is
not comparable with C(p), because it has a larger p-adic exponent while C'(p) contains another
prime factor; it is not comparable with any other composite carrier by disjointness of supports; and
previous priority moves either contain different prime supports or have smaller rank.

Third, for every pair p,q € B belonging to different carriers, Shortener plays the legal squarefree
semiprime pq when possible. Such a move is incomparable with every carrier, since no carrier
contains both p and ¢, and neither p nor ¢ alone is available as a legal prime at this stage.

We use the following skipped-move invariant. Under the disjoint-support hypothesis, no prior
composite Prolonger move is a proper multiple of a planned Shortener move in the second or third
phase. For the phase-two move p¢®+1 the unique carrier containing p has only p-adic exponent
e(p), while all other carriers omit p. For the phase-three move pq, the two primes lie in different
carriers, so no single carrier contains both. Thus when a planned move is skipped because it is
already illegal, the earlier comparable move may be treated as a divisor of the planned move, or
the planned move itself, but not as a proper composite multiple coming from Prolonger.

The number of moves in the three phases is

O(n(m) + (s) + 7(0)* = Ou o)

because 2a < 1.

We now show that after these phases every future legal move has no prime factor at most y. Let
x be a legal move divisible by a prime p < y.

If p ¢ B, then phase one either played p or p was already played by Prolonger as a prime; in
either case any multiple of p is illegal. Thus p € B.

If x contains primes from two distinct carriers, then one of the phase-three semiprimes pq divides
x, unless it was already illegal because an earlier played move dividing pq also divides x. Either
way x is illegal.

Hence all prime factors of  which are at most y lie in a single carrier support. If the carrier is a
pure prime power p¢, then any x divisible by p and supported only on this carrier is another power
of p, and is comparable with p®. If the carrier has at least two distinct prime factors, then either
x divides the carrier, in which case z is illegal, or for some p it has exponent exceeding v,(C(p)).
In the latter case pe(®+1 | , so the phase-two move makes x illegal.

Thus all primes < y are resolved. Any remaining legal integer has all prime factors greater than
y. Since 3® > n, it has at most two prime factors. The number of integers at most n with one
or two prime factors, all exceeding y = n®, is O,(n/logn) by the prime number theorem and the
standard semiprime estimate

n 1 n
S /) <o 3 = 0 ().

P>y
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where the sum is over p < n/y. Adding the phase moves proves the claim. ]

Proposition A.11 (Squarefree rank-three small-prime carriers). Fiz 1/3 < o < 1/2 and put
y = n%. Suppose that every composite Prolonger move is squarefree, has all prime factors at most
Yy, and has support size at most 3. Against this restricted class, Shortener has a strategy forcing

L(n) = Oq <107g”‘n> .

Proof. Let B be the set of primes which occur in Prolonger’s composite carriers. Shortener again
uses a fixed priority list, skipping illegal moves.

First she plays every legal prime. Second she plays p? for every p € B when legal. Third she
plays every legal squarefree semiprime pg with p,q € B. Fourth she plays every legal squarefree
triple pgr with p,q,r € B.

The skipped-move invariant is as follows. Under the squarefree rank-< 3 restriction, a prior
Prolonger move which makes a planned square or planned triple illegal cannot be a proper multiple
of that planned move: a square has no squarefree proper multiple, and a proper multiple of a
squarefree triple has rank at least 4. For a planned semiprime pq, the only possible proper multiple
is a rank-three carrier pqr; in the support-size-2 case below the remaining candidate is exactly pq,
hence it is already illegal because pq | pgr. Thus the later skipped-move arguments may charge a
skipped triple to a prior divisor or to the triple itself, and skipped semiprimes are harmless in the
only place where they are used.

The first phase has O(n/logn) moves, the second has at most 7(y) moves, and the third has at
most 7(y)? = o(n/logn) moves. It remains to bound the number of triples

To(n) =#{p<qg<r<y: pegr<n}.

11—«

Split according to whether pg < n
If pg < n'~%, then there are O(n'~*loglogn/logn) possible pairs p < ¢, and for each pair at
most 7(y) = O(n“/logn) choices of r. This contributes o(n/logn).
If pg > n'~@, then ¢ < y = n® implies p > n' 2. In this range,

#{r: g<r <y, pgr <n} <, :
pqlogn

Therefore the contribution is at most

n 1 n
Sa logn Z pqg Oa(logn) ’

n1—2a<p<q§na

because the reciprocal prime sum over a fixed-power interval is Oy (1). Thus T, (n) = Oq(n/logn).

After the prime phase, every prime p < y with p ¢ B has either been played as the singleton p
or has had some proper multiple played; in either case, no future legal Prolonger move can contain
p as a factor. Therefore any remaining composite Prolonger move is supported on B.

We prove that the priority list resolves all primes at most y. After the prime and square phases,
any remaining legal move supported on B must be squarefree. If it has support size 1, it is
comparable with a played or blocked prime. If it has support size 2, then the corresponding
semiprime was either played in phase three or was already illegal by the skipped-move invariant. If
it has support size 3, the same statement holds for phase four, where the invariant rules out proper
multiples.

If a remaining legal move = had support size at least 4 inside B, choose three primes p, ¢, r from
its support. The triple pgr was addressed in phase four. If it was played, then pgr | x and x is
illegal. If it was not legal when considered, then some earlier played move comparable with pgr
must divide pgr or equal pgr by the skipped-move invariant; since all earlier non-prime moves in
the priority list have support size at most 3 and are squarefree except the squares p?, that played



46 OM BUDDHDEV

divisor also divides x. Again z is illegal. Thus no remaining legal move contains a prime at most

.
As in the proof of Proposition A.10, once all primes at most y are resolved, the residual legal set
has size O, (n/logn). Combining this residual bound with the phase counts proves the proposition.
O

APPENDIX B. NUMERICAL COMPUTATIONS

This appendix records the numerical computations accompanying the main Bonferroni—4 con-
stant. The computations certify the quoted constants and stress-test the finite combinatorial steps,
but they are not substitutes for the analytic proof in Section 7.

B.1. The Bonferroni—4 constant. The main theorem uses the following certified upper bound.

Proposition B.1 (Interval-arithmetic certification of W, /2 < 0.19). For the moment constants in

Section 7,
J1 € 10.7885305658, 0.7885305661],

[
Jo € ]0.18681848, 0.18682451],
Js € [0.02009209, 0.02009370],
Jy € [0.00122263, 0.00122282].
Consequently

Wa < 0.1897123371 < 0.19.

In particular one may take a numerical margin n = 2.87-107% in Wy/2 < 0.19 — 1.

Proof. Let pu(du) = p(u) du. Then
rlJr = p® {(u, ... up) s ug - up < 13
Take N = 10° and partition (0, 1] into
1—1 14

Li=—— — 1<i< N).

(5w asisw
Write m; = u(1l;). These masses are computed from an exact antiderivative: if z € (1/(h+1),1/h],
then

F(z):= /OIB p(u)du =Ty + ——log((h + 1)x),

h +1
where -
log(1+1/¢)
1=y sl E D),
— t+1
Thus m; = F(i/N) — F((i —1)/N). For certification the tails T} are truncated at H* = 10°. Since
1 < log(1+1/¢) < 1

+1)2—  L+1 A+ 1)’
we have
I €+1 s H*€€+1 H*+1

All logarithms, sums, differences, and products are evaluated with outward-rounded interval arith-
metic. A reference Python implementation using mpmath.iv for the interval cell masses is available
at scripts/wfour_certification.py in the artifact repository [Bud26]. Running it with the
default parameters computes the cell masses by splitting grid cells at the exact breakpoints 1/h,
performs the four interval convolutions with an explicit FFT round-off enclosure, and reproduces
intervals contained in the certified intervals displayed above.
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Let cgr) be the interval convolution coefficients

(r) .— A .
Cy ' = Mgy -+ - My,..
i1+ +ir=s

Every product cell with 43 + --- 4+ ¢, < N lies wholly inside the simplex, while every product cell
which can meet the simplex satisfies (i1 — 1) +-- -+ (i, — 1) < N, equivalently iy + -+ - + i, < N 47.

Therefore ] 1
- (r) il ()
IS WP el

T s<N S<N+r
The upper condition s < N + r is a harmless overcount of one convolution shell relative to the
exact meeting condition s < N + r — 1; the displayed upper bounds are therefore slightly looser
than sharp but remain rigorous. Carrying out these outward-rounded interval convolutions gives
the four intervals displayed above. Finally, using the lower endpoints for Ji,Js and the upper
endpoints for Js, Jy,
% < %(1 — 0.7885305658 + 0.18682451 — 0.02009209 + 0.00122282) = 0.1897123371 < 0.19.
O

B.2. Directed-rounding implementation details. The certification in Proposition B.1 uses
only standard outward-rounded interval operations. The implementation may use IEEE-754 di-
rected rounding modes, or a library with documented correctly rounded elementary functions. For
each positive input x, compute lower and upper logarithms

logg,(z) < logz < log,,(z).

All lower partial sums are accumulated with round-down arithmetic, and all upper partial sums
with round-up arithmetic. If an interval antiderivative value is written F(z) € [Fan(x), Fup(2)],
then the cell mass m; = F(i/N) — F((i —1)/N) is enclosed by

m; = rounday (Fun(i/N) — Fup((i — 1)/N)),
m; = roundyp (Fup(i/N) — Fan((i — 1)/N)).

7

The convolution coefficients ch) are then enclosed by interval polynomial multiplication. A direct

implementation may round each product and each accumulated partial sum outward. The reference
script uses an FFT accelerator, but encloses its floating-point round-off by an explicit ¢!-error
bound for each convolution and propagates that bound through the later products. Concretely, for
a Cooley-Tukey FFT of transform length L and nonnegative inputs a, b with ¢!-norms ||a|1, ||b||1,
the script bounds the total ¢! round-off error in the computed a * b by

B.1) 256 - Emact - (logy L] + 1) - lal][b]1,

where emacn is the IEEE-754 double-precision machine epsilon. This form dominates the standard
vk error model of Higham [Hig02, Chapter 24] applied to the two forward transforms, the pointwise
multiplication, and the inverse transform; the constant 256 is an intentionally conservative safety
factor. The bound (B.1) is added outward to the computed convolution, and the widened interval
is used in all downstream products. Thus the displayed certification does not rely on an unbounded
floating-point FFT error model.

A direct grid computation of the same integrals gives the convergence displayed in Table 1. The
theorem only needs the certified strict margin below 0.19, while the table records an independent
convergence check.

1 T
J, = ] A Hp(ui) duy - - - du,
O<u; <1 i=1
is the quantity being approximated.
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Grid Jl JQ Jg J4 W4 W4/2
213 10.78844185 | 0.18676003 | 0.02008041 | 0.00122154 | 0.37945930 | 0.18972965
2141 0.78849100 | 0.18679383 | 0.02008737 | 0.00122220 | 0.37943767 | 0.18971883
2151 0.78851725 | 0.18681153 | 0.02009097 | 0.00122255 | 0.37942586 | 0.18971293
2161 0.78852127 | 0.18681405 | 0.02009149 | 0.00122260 | 0.37942388 | 0.18971194
217 1 0.78852704 | 0.18681777 | 0.02009220 | 0.00122266 | 0.37942118 | 0.18971059

TABLE 1. Grid convergence for the Bonferroni—4 truncation.

B.3. Finite sanity checks. Four finite checks were used to guard against implementation or
formulation errors in the proof.

(1) Odd-part injection. Exhaustive verification at n = 14 over all 732 antichains found no
collision under the odd-part map.

(2) Monotone replacement. Exact inclusion—exclusion counts at n = 104,10, 106 for test prime
pairs (g;) and (pj) with ¢; < p; confirmed N(q1,...,qx) < N(p1,...,PK).

(3) Squarefree divisor counts. For r < 4, the relevant squarefree r-fold divisor counts match
the scale O, (n(loglogn)"~!/logn) used in the Bonferroni floor-error bound.

(4) Controlled prime rounding. Synthetic monotone comparison prefixes were rounded upward
to increasing odd-prime prefixes at n = 10% 10°, 105, 10%; the resulting changes in the
moment terms were small and consistent with the prime-rounding bridge.

Check
Odd-part injection
Monotone replacement

Recorded outcome

(True, None, None, 732) atn =14

Verified at n = 10%,10°, 10° for listed test prefixes
D, scaling Ratified for » = 1,2,3,4 up to n = 10°
Prime-rounding bridge | Tested on synthetic prefixes up to n = 108
TABLE 2. Finite checks for the combinatorial components of the upper-bound proof.

B.4. Interpretation. The numerical artifacts support three claims: the constant W,/2 < 0.19
is reproducible; the finite steps in Theorems 7.10 and 7.20 behave as expected in representative
regimes; and the sharper limiting value near 0.18969 is numerically stable. The theorem in this
paper is the finite Bonferroni—4 bound below 0.19, not a claim that the full alternating series has
been analytically justified.

B.5. Reproducibility. From the repository root, the certificate is reproduced by running
python3 scripts/wfour_certification.py.

The default parameters are N = 10°, H* = 10°, and 80 decimal digits; no flags are needed to
reproduce intervals contained in the displayed certified intervals. The script imports only the
Python standard library, mpmath, and numpy; the run used for this manuscript was tested with
Python 3.14.3, mpmath 1.3.0, and numpy 2.4.2 on macOS Darwin 25.2.0 (arm64). No separate
stdout transcript is archived in the repository; running the command prints a self-describing block
containing the four J, intervals, the final Wy /2 interval, the margin to 0.19, and the elapsed wall-
clock time.

APPENDIX C. FORMALIZATION ARTIFACT MAP

This appendix records the status of the Lean artifacts corresponding to the paper’s principal
results. The map distinguishes between fully formalized finite or structural cores and prose compo-
nents which use standard analytic number theory or conditional game-theoretic hypotheses. For all
entries, verification was last recorded at artifact repository tag arxiv-v1 (see [Bud26]) and Lean
toolchain leanprover/leand:v4.28.0.
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C.1. Verification status by result.

Result Status Lean file(s) Notes
Theorem 3.1 Formally verified shield_reduction/.../ Zero-sorry finite divisibility-poset
ShieldReduction.lean proof.
Theorem 4.1 Partially formalized theorem_A/.../ShieldDefs. Structural identities Lean; analytic
lean; inputs (Mertens, PNT) and assembly
ShieldBasicLemmas.lean; are prose.
ShieldMainTheorem.lean
Theorem 4.4 Prose only None Unconditional game lower bound
proved in the text; no Lean or
numerical artifact is claimed.
Theorem 4.7 Conditional; finite =~ T2Finite/GraphGame.lean; Conditional on the restricted safe-edge
cores Lean-verified T2Finite/HyperGame.lean; hypothesis. The safe-edge hypothesis
T2Finite/ and asymptotic activation wrapper
ResidualComparison.lean remain prose.
Theorem 5.1 Formally verified tau_5_24/.../Cover.lean; Cover and packing identities are
Packing.lean; Tau.lean zero-sorry Lean; the final floor-sum
asymptotic is elementary prose.
Theorem 6.2 Formally verified shortener_13_36/.../ Zero-sorry odd-part compression and
Compression.lean; Bonferroni core; standard prime-prefix
Sieve.lean; MainTheorem.lean estimates are used in the prose setup.
Theorem 6.3 Partially formalized shortener_5_16/.../Defs. Compression, sieve, and algebraic

Theorem 7.21

Theorem 7.20

Proposition B.1

Proposition 8.1

Proposition 8.2

Proposition 8.3

Partially formalized

Prose only

Prose with
numerical stress
testing

Prose with
numerical stress
testing

Prose only

Prose only

lean; Theorems.lean

Roundi15Bonferroni4/Target.

lean

None

scripts/wfour_
certification.py
scripts/sa_barrier_
verification.py

None

None

optimization are Lean-checked; one
placeholder bundles Chebyshev
prime-prefix input and the game-tree
prefix wrapper.

Lean covers the endgame reduction in
Round15Bonferroni4/Target.lean;
envelope, inversion, measure
convergence, and prime-rounding
bridge are prose.

The queued prime-rounding bridge is
proved in Section 7; no separate Lean
artifact is claimed.

Outward-rounded interval certificate
computes the four displayed J,
intervals and the final margin.

Proof is prose; the script exhaustively
checks the lifted covering inequalities
for small N with exact rational
arithmetic.

Extremal shadow argument is
presented in the text; no artifact is
claimed.

Arithmetic closure limitation is
presented in the text; no artifact is
claimed.

Shield Reduction, Theorem 3.1.
Path: erdos-872/lean/shield_reduction/shield_reduction_aristotle/RequestProject/ShieldReduction.lean. Decla-
rations: shield_reduction. Status: zero-sorry Lean verification; no remaining assumptions beyond the finite definitions of the

divisibility poset.

Exact 5/24 cover, Theorem 5.1.

Path: erdos-872/lean/tau_5_24/tau_5_24_aristotle/RequestProject/Tau.lean. Declarations: coverSet_is_cover and
cover_card_lower_bound. Status: the structural cover and packing identities are zero-sorry Lean-verified; the asymptotic
floor-sum count 5n/24 + O(1) is an elementary prose calculation.

13/36 upper bound, Theorem 6.2.
Path: erdos-872/lean/shortener_13_36/shortener_13_36_v2_aristotle/RequestProject/Shortener/MainTheorem.lean.

Declarations: antichain_dfree_bound and main_upper_bound. Status: the odd-part compression and Bonferroni core are

zero-sorry Lean-verified; the paper-level exposition uses standard prime-counting estimates for the prime-prefix setup.
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Polynomial shield-weight lower bound, Theorem 4.1.

Path: erdos-872/lean/theorem_A/theorem_A_shield_lower_bound_aristotle/RequestProject/ShieldMainTheorem.lean.
Declarations: shield_lower_bound and barrier_exponent. Status: the combinatorial core, including the prime-antichain
construction, log-budget argument, and exchange principle, has a Lean artifact. Remaining sorries are Mertens’ theorem, a
Chebyshev-type prime-counting bound, a Chebyshev-1 asymptotic, and the final assembly using those analytic inputs.

5/16 upper bound, Theorem 6.3.

Path: erdos-872/lean/shortener_5_16/shortener_5_16_aristotle/RequestProject/Shortener516/Theorems.lean. Dec-
larations: antichain_three_five_core_bound, game_value_per_parameter, and main_theorem. Status: the compression, sieve,
and algebraic optimization core has a Lean artifact. One remaining bundled placeholder covers the Chebyshev prime-prefix
estimate and the game-tree wrapper realizing the prescribed prefix.

Conditional T2 lower bound, Theorem 4.7.
Paths:

erdos-872/1lean/erdos_872_core/RequestProject/T2Finite/GraphGame.lean
erdos-872/lean/erdos_872_core/RequestProject/T2Finite/HyperGame.lean
erdos-872/1lean/erdos_872_core/RequestProject/T2Finite/ResidualComparison.lean
Declarations:

Q8_maker_ge_add_selfPot

HQ8_maker_ge_add_selfPot_of_count_le_two

comparison_package

Status: the finite graph-potential core, scored hypergraph core, and local arithmetic embedding core are Lean-verified. The
restricted safe-edge hypothesis is conditional, and the asymptotic activation wrapper remains in prose.

Main 0.19n upper bound, Theorem 7.21.
Path:

erdos-872/1lean/erdos_872_core/RequestProject/Round15Bonferroni4/Target.lean
Declaration:

eventually_strict_lt_point19_of_componentwise_close

Status: the endgame reduction from sufficiently close first-four moment values to the strict inequality L(n) < 0.19n is zero-
sorry Lean-verified. The local density theorem, monotone envelope and inversion, and prime-rounding bridge are the prose
moment-convergence inputs proved in Section 7.

This map should be read conservatively. A zero-sorry finite core is not being advertised as an
end-to-end verification of every analytic asymptotic in the same theorem unless the entry says so
explicitly. Conversely, when the remaining obligations are standard analytic-number-theory inputs,
the novelty of the combinatorial argument is already isolated in the formal artifact.

ARTIFACT AVAILABILITY

The public artifact repository for this paper is available at https://github.com/xa8zz/
erdos-harness; the version corresponding to this submission is tagged arxiv-v1 in the repos-
itory, and [Bud26] records the artifact metadata. It contains the Lean formalizations, Aristotle
submission files and outputs, numerical scripts, and supporting research notes used in the prepa-
ration of the present manuscript. Repository-relative paths quoted in Appendices B and C are
relative to that artifact root.
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During the preparation of this work, the mathematical content was produced primarily by gen-
erative Al systems—OpenAl GPT-5.4 Pro, Anthropic Claude Opus 4.7, and Google Gemini 3.1
DeepThink—coordinated through a custom multi-round research harness designed and operated by
the author. GPT-5.4 Pro generated the majority of the novel mathematical arguments, including
the shield reduction, the polynomial shield barrier, the piecewise-density analysis underlying the
fourth-order Bonferroni argument, and the proof-class obstruction taxonomy. Claude Opus 4.7
and Gemini 3.1 DeepThink provided adversarial auditing, cross-model verification, synthesis across
rounds, and drafting support. The author’s contributions were the harness design, problem selec-
tion and scoping, round-by-round direction and adversarial prompting, selection and integration of
outputs into a coherent manuscript, Lean/Aristotle formalization work, numerical verification, and
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tion of the harness and workflow is available at https://www.sensho.xyz/autonomous-research.

REFERENCES

[And87] Ian Anderson, Combinatorics of finite sets, Oxford University Press, 1987.

[BHW16] Csaba Biré, Paul Horn, and D. Jacob Wildstrom, An upper bound on the extremal version of hajnal’s
triangle-free game, Discrete Applied Mathematics 198 (2016), 20-28.

[Blo26] Thomas F. Bloom, Erdds problem #872, https://wuw.erdosproblems.com/872, 2026, Accessed 2026-04-20.

[Bud26] Om Buddhdev, erdos-harness: Artifacts and formalization files for erdds problem #872, https://github.
com/xa8zz/erdos-harness, 2026, Public artifact repository for this paper; the version corresponding to this
submission is tagged arxiv-v1 in the repository.

[CE90] Peter J. Cameron and Paul Erdds, On the number of sets of integers with various properties, Number Theory
(Banff, AB, 1988), de Gruyter, Berlin, 1990, pp. 61-79.

[Erd92] Paul Erdés, Some of my forgotten problems in number theory, Hardy-Ramanujan Journal 15 (1992), 34-50.

[Erd26] Erdés Problems Forum contributors, Discussion thread for erdds problem #872, https://www.
erdosproblems.com/forum/thread/872, 2026, Includes refinements by Adenwalla, StijnC, natso26,
Xiao_Hu, Desmond Weisenberg, and others, leading to the bound (419/1008 + o(1))n; accessed 2026-04-
20.

[FS92] Zoltan Fiiredi and Akos Seress, On hajnal’s triangle-free game, Graphs and Combinatorics 8 (1992), no. 1,
75-79.

[Hig02] Nicholas J. Higham, Accuracy and stability of numerical algorithms, 2nd ed., SIAM, Philadelphia, 2002.

[HWO08] G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, 6 ed., Oxford University Press,
2008.

[Kuc24] Petr Kucheriaviy, Erdds inequality for primitive sets, 2024.

[Lic23] Jared Duker Lichtman, A proof of the erdds primitive set conjecture, Forum of Mathematics, Pi 11 (2023),
el8.

[MP10] Greg Martin and Carl Pomerance, Primitive sets with large counting functions, 2010.

[Pri26] Liam Price, First linear upper bound for erddés problem #872, https://wuw.erdosproblems.com/forum/
thread/872, 2026, Forum contribution; the author disclosed Al-assisted derivation in the post itself.

[SA90] Hanif D. Sherali and Warren P. Adams, A hierarchy of relazations between the continuous and convexr hull
representations for zero-one programming problems, STAM Journal on Discrete Mathematics 3 (1990), no. 3,
411-430.

INDEPENDENT RESEARCHER
Email address: sensho@sensho.xyz


https://www.sensho.xyz/autonomous-research
https://www.erdosproblems.com/872
https://github.com/xa8zz/erdos-harness
https://github.com/xa8zz/erdos-harness
https://www.erdosproblems.com/forum/thread/872
https://www.erdosproblems.com/forum/thread/872
https://www.erdosproblems.com/forum/thread/872
https://www.erdosproblems.com/forum/thread/872
mailto:sensho@sensho.xyz

	1. Introduction
	1.1. Prior work
	1.2. Main results

	2. Notation and Setup
	3. The Shield Reduction
	4. Lower Bounds and Conditional Slot Construction
	4.1. The polynomial shield-weight lower bound
	4.2. An unconditional fan-capture lower bound
	4.3. The conditional T2 theorem

	5. The Exact 5/24 First-Hit Cover
	6. Intermediate Upper Bounds
	6.1. Odd-part compression
	6.2. The 13/36 bound
	6.3. The 5/16 bound

	7. The Main Upper Bound
	7.1. A lower-profile envelope for Shortener's primes
	7.2. Moment constants and the Bonferroni coefficient
	7.3. Monotone envelope and inversion
	7.4. The prime-sequence Bonferroni comparison theorem
	7.5. The prime-rounding bridge
	7.6. The finite Bonferroni–4 theorem

	8. Obstructions to Further Improvement
	8.1. A local-relaxation obstruction
	8.2. A q-shadow dichotomy
	8.3. A separator-only limitation

	9. Conclusion
	Appendix A. Deferred Proofs
	A.1. Conditional proof of the T2 lower bound
	A.2. Diagonal selection conditions
	A.3. Restricted carrier classes

	Appendix B. Numerical Computations
	B.1. The Bonferroni–4 constant
	B.2. Directed-rounding implementation details
	B.3. Finite sanity checks
	B.4. Interpretation
	B.5. Reproducibility

	Appendix C. Formalization Artifact Map
	C.1. Verification status by result

	Artifact Availability
	Acknowledgments
	Declaration of Generative AI and AI-assisted Technologies in the Research and Writing Process
	References

